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Inflation and the monetary financing of deficits are analyzed in a model in which the
deficit is constrained to be less than a given fraction of a measure of aggregate market
activity. Depending on parameter values, the model can have multiple steady states.
Under adaptive learning with heterogeneous learning rules, there is convergence to a
subset of these steady states. In some cases, a high-inflation constrained steady state will
emerge. However, with a sufficiently tight fiscal constraint, the low-inflation steady state
is globally stable. We provide experimental evidence in support of our theoretical results.
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1. INTRODUCTION

Recently, economists have been interested in the role of constitutional limitations
on public-sector deficits and debt. An example is provided by the fiscal “con-
vergence criteria” in the Maastricht plan and the Stability Pact for the European
Monetary Union, which put an upper limit on the deficit relative to GDP. Most
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of the literature has focused on either the incentive aspects of such constraints
or their consequences for policies to stabilize the business cycle. In this paper,
we take a different track and consider the implications of a credible constraint on
public deficits for monetary stability.

The analysis is an extension of the standard deficit-finance monetary inflation
model in which expectations are modeled as an outcome of a learning process.1

Adaptive learning dynamics have attractive properties and we make two contribu-
tions to the literature on learning. First, our analysis shows that it is important to
take the process of expectation formation into account in the design of economic
policies. Though the introduction of a fiscal constraint aggravates the indetermi-
nacy of rational expectations equilibria, the constraint has a stabilizing role for
inflation under learning and the resulting policy implications can be striking. Sec-
ond, we obtain stability results for an economy with heterogeneous learning rules.
We also provide experimental support for the theoretical analysis of the model
under learning.

We begin by reviewing the standard deficit-finance monetary model. The starting
point is the government budget constraint, which, in per-capita terms, takes the form

ht − ht−1 = ptdt , (1)

whereht , pt , anddt denote per-capita nominal money balances, the price level,
and the real deficit, respectively. It is usually assumed that the demand for real
balances,mt = ht/pt , depends only on the expected return on money holdings,
mt =m(πe

t+1), whereπt+1= pt+1/pt is the rate of inflation andπe
t+1 denotes ex-

pected inflation. Rearranging the budget constraint asmt =mt−1/πt + dt we can
solve forπt . This yields the monetary equilibrium equation

πt =
m
(
πe

t

)
m
(
πe

t+1

)− dt
,

to which is traditionally added the perfect-foresight hypothesisπe
t =πt .

The earlier literature [see, e.g., Marcet and Sargent (1989a) and Sargent and
Wallace (1987)] has usually postulated a given real public deficitdt = d financed
by printing money. For simplicity, it is typically assumed that money demand is
linear. In the standard formulation, providedd is not too large, there are two perfect-
foresight steady states,π A andπ B, with π B>π A. (If d is sufficiently large, the
model has no perfect-foresight solutions other than autarky and worthless money.)
In addition, there is a continuum of perfect-foresight paths converging toπ B. This
observation has been the basis of a large literature interpreting empirical episodes
of high or hyper-inflation as convergence toπ B [see, e.g., Fischer (1984), Bruno
(1989), and Sargent and Wallace (1987)].

There are, however, difficulties with this view. First,π B can be shown to have
paradoxical comparative static properties. For example, an increase ind leads to a
reduction inπ B. In contrast,π A has conventional comparative statics. The second
difficulty concerns the behavior of the model under adaptive learning. For this
model, it can be shown thatπ B is unstable under most adaptive learning rules [see,
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e.g., Marcet and Sargent (1989a)]. They show that under their learning scheme
there are two possibilities. Inflation either converges toπ A or else becomes so
high that the deficit cannot be financed at any finite price level, in effect resulting
in currency collapse. (For large values ofd, only the latter outcome arises.)2

A principal objective of this paper is to use this model to analyze the implications
of an additional fiscal constraint on the size of the deficit relative to a measure of
aggregate market activity. (We prefer to think of this as GDP, though different
interpretations of this aggregate variable are possible, as discussed later.) We show
that this rule can create a new steady state,πC, with a finite inflation rate, in the
constrained regime in which the government is not able to fully achieve its target
deficit. When it exists,πC is locally stable under natural adaptive learning rules.
This feature leads to the following economic results.

If the target deficit is large, the economy converges to the new steady state
πC of the constrained regime. If the target deficit is not too large and the fiscal
constraint is not very strict, the steady statesπ A andπ B also exist in our model,
and their local stability properties under learning are as in the standard model. In
our model, there is thus the possibility of two locally stable steady statesπC and
π A under learning. (Note that, in the standard model, a larged leads to eventual
currency collapse, and this can also arise at lowerd.) Another possibility is that
the constraint is set sufficiently tightly thatπ B no longer exists (because it does
not satisfy the fiscal constraint) butπ A does. Then,π A is the only stable steady
state, and it is globally stable. Comparing this to the preceding case, it follows that
a tightening of the deficit constraint can move the economy from high inflation
to a stable steady state with low-inflation.3 If the fiscal contraint is made even
stricter, the unconstrained low-inflation steady state is converted into a constrained
type.

These results indicate the potential importance of fiscal constraints for monetary
stability. An appropriate constitutional limitation on the relative size of the deficit
can ensure that the economy has a unique globally stable steady state at a low
inflation rate. We show that, in all cases, there is global convergence under learning
to the set of locally stable steady states in which money has value.

In showing these formal results, we significantly extend the literature by allowing
heterogeneous learning rules. Though developed in a concrete monetary model, our
methodology has general validity. An additional reason for treating heterogeneous
expectations is its clear empirical relevance. Indeed, experimental evidence shows
that even when agents are, by design, homogeneous in terms of utility and budget
sets, their expectations differ substantially.

In the last section of the paper we provide new experimental results. The experi-
mental design is very close to the specific model studied in this paper. Agents have
homogeneous (induced) preferences and endowments. Nevertheless, the subjects
do exhibit heterogeneity in their forecasts. The experimental data provide support
for various aspects of our theoretical analysis. In particular, the economic results
on the stability properties of the steady states described in the preceding paragraph
are strikingly reflected in the experimental results.
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2. MONETARY MODEL

As is common in the literature, we develop a monetary overlapping generations
(OLG) model of deficit finance in which we assume that the deficit is financed
through the inflation tax.4 We add the feature that the actual deficit cannot exceed
a certain level, as specified later. We can think of the choice of such a fraction as a
more fundamental decision taken by society—for example, in the constitution—
and that it constrains the monetary authority.

More formally, at any point in time, there is a continuum of agents located on
the unit interval [0, 1] with the Lebesgue measure denoted byµ. In periodt , the
demand for money of agentk ∈ [0, 1] is given by

hkt = max
{

pt
(
a− bπke

t+1

)
, 0
}
, (2)

whereπke
t + 1 denotesk’s expectation, at the beginning of periodt , about the rate

of inflation between periodst andt + 1. It is easy to see that (2) can be derived
from an OLG model in which agentk has a two-period endowment of a unique
perishable good(ω1, ω2), whereω1>ω2> 0, with preferences over consumption
represented byu(c1, c2)= ln(c1) + β ln(c2). Here, the superscript denotes the
period in the agent’s life. To focus on the role of expectations, we assume that
agents have identical preferences and endowments, but can differ in expectations.5

An agentk of generationt, t ≥ 1, solves the problem

max lnc1
t + β ln c2

t

s.t. c1
t − ω1+ πke

t+1

(
c2

t − ω2
) ≤ 0.

If ω1−ω2 is large enough,k’s supply in the first period of his life is

st, k = max
{(
βω1− πke

t+1ω
2
)/
(1+ β), 0

}
.

That is, in our general formulation,a=βω1/(1+β) andb=ω2/(1+β). There-
fore, the average savings by the young in periodt are given by

st =
∫

[0,1]
st,kµ(dk) =

∫
[0,1]

max
{

a− bπke
t+1, 0

}
µ(dk). (3)

Although the preceding presentation in terms of endowments of goods is the
usual one, it is convenient to give an alternative interpretation in terms of produc-
tion. On this interpretation,ω1 andω2 represent endowments of labor time in the
two periods. One unit of time produces one unit of the good, and the household
can either directly consume the goods produced or sell part of them on the market.
Under our assumptions, only a portion of the goods produced by the young in pe-
riod t enters the market, specificallyω1− c1

t per young household. It is natural to
identify this total amount of traded goods as GDP, following the usual accounting
practice that nonmarket production is excluded from measured GDP. Thus, in this
interpretation, GDP corresponds to the aggregate savingsst of the young.6
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If agents have the same beliefs (i.e.,πke
t+1=πe

t+1), then (3) can be simplified. The
rational-expectations hypothesisimposes this form of homogeneity of beliefs by
assuming thatπke

t+1=πt+1. In this section, we describe the rational-expectations
steady states and, in the rest of the paper, we assume that the possibly heteroge-
neous expectations are formed through a process of adaptive learning. Although
throughout we assume homogeneous preferences and endowments, our analysis
can be easily extended to the case of a finite number of agents’ types with respect
to preferences and endowments.

The aggregate savings function (3) provides a complete characterization of the
behavior of the private sector in this economy. As in the standard inflation model the
government finances a real deficit by increasing the per-capita supply of money.7

We modify the usual model in two respects. First, and most fundamentally, it
is assumed that there is some limitation on the permissible deficits. Apart from
transitory shocks, the actual deficit is required to be no greater than a certain fraction
λ of GDP. We therefore assume that the government has a target level of the deficit,
dt , which is fully financed by seignorage, provided the preceding restriction is not
violated. If instead the restriction is binding, government expenditures are reduced
as necessary to meet the constraint on deficits. As discussed earlier, in this model,
measured GDP and aggregate savings are equal. Furthermore, savings are equal
to real balances, so that our constraint could be interpreted in any of three ways.
The key feature is the imposition of a constraint that real deficits cannot exceed a
fraction of an endogenous variable associated with aggregate market activity.8

The second modification is that we introduce transitory random shocks to gov-
ernment expenditure. Letgt be an i.i.d. random variable with a small compact
support andEgt = 1. If ht denotes the per-capita money supply at the end of
periodt , the supply of money evolves according to

ht = gt ht−1+min{ptdt , ptλst }.

If gt = 1 anddt <λst , this equation reduces to equation (1) in the standard model.
Whenλst < dt , the postulated restriction forces a reduction in the actual deficit
below the target leveldt through reductions in government spending. Values of
gt 6= 1 allow in a convenient way for additional random shocks to spending financed
by money creation.

The preceding equation can be written in terms of real balances as

mt = gtmt−1/πt +min{dt , λst }, (4)

wheremt = ht/pt is the per-capita money supply in real terms. In this section, we
assume that monetary policy is nonstochastic and stationary (i.e.,gt = g= 1 and
dt = d).

Since, in the OLG model, money is the only means of saving, the equilibrium
condition is

mt = st . (5)
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Equations (3), (4), and (5) define the equilibrium restrictions of the model. They
can be integrated into the equilibrium map

πt =
g
∫

[0,1] max
{
a− bπke

t , 0
}
µ(dk)∫

[0,1] max
{
a− bπke

t+1, 0
}
µ(dk)− min

{
d, λ

[∫
[0,1] max

{
a− bπke

t+1, 0
}
µ(dk)

]} .
(6)

We have intentionally left the general notationg to facilitate comparison to sub-
sequent development (g= 1 is used in the remainder of this section).

Under perfect foresight, (6) can be written as the difference equationπt+1=
R(πt ). Details are given in Appendix A. Figures 1A–D show the four possible
configurations of theR(·) map (assuming that 1/(1− λ)<a/b). In Figure 1A
we represent the case in which there are four steady states:π A, π B, πC, andπO,
shown as points A, B, C, and O.9 Steady statesπ A andπ B correspond to the
steady states of the standard model andπC = 1/(1− λ) to the interior steady state
of the constrained regime. Figures 1B–D show other possible configurations in

FIGURE 1. Possible configurations of theR(·) map.
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which there are fewer steady states. In Figure 1B the only interior steady state
corresponds to the low-inflation steady state of the standard model. In Figures 1C
and 1D, there are two steady states corresponding to those of the constrained
regime (shown as points C and O). In particular, in Figure 1D, the level of deficit
d cannot be sustained as a steady state in the standard model.

In summary, under perfect-foresight dynamics, the addition of a fiscal con-
straint always introduces a continuum of inflation paths converging toπO (in some
cases, this replaces the paths converging toπ B). Thus, if one focuses on stable
perfect-foresight paths, the constraint does not appear to enhance monetary stabil-
ity. We will see, however, that this conclusion is completely reversed under adaptive
learning.

3. EQUILIBRIA WITH LEARNING DYNAMICS

3.1. Homogeneous Case

In place of perfect foresight, we now introduce learning behavior in the formation
of expectations and the decisions of individual agents. In forming their expectations
of inflation,πe

t+1, the agents are assumed to use an adaptive rule that depends on
data,πt−1, and expectations held last period,πe

t (expectations do not depend on
the individualk when agents are homogeneous). At this stage, we introduce an
additional assumption to rule out the possibility that aggregate savings are exactly
zero even at high inflation rates. Since each young agent has nonnegative savings,
aggregate saving can be zero only if the saving of every young agent is exactly
zero. Although implied by the model at sufficiently high inflation rates, such a
possibility seems implausible and is one that we want to avoid. We therefore
assume that actual saving by householdk is equal tost, k+ εk,t+1, whereεk,t+1

denotes a small nonnegative random variable, iid acrossk and with positive mean.
We remark that, in experimental work on the basic OLG model, Marimon and
Sunder (1993, 1994) have found that agents tend to save somewhat more than
what an adaptive agent with point expectations and competitive supply would do.

We arrive at the following model in the homogeneous case. After aggregating
over identical agents, the savings function takes the form

St ≡ st + εt+1 = max
{

a− bπe
t+1, 0

}+ εt+1. (7)

Here,εt+1=
∫
εk,t+1µ(dk) is the aggregate of individualε-savings and, by the

law of large numbers, it is nonstochastic and positive. We make the following
assumption.

Assumption 1. The sequenceεt is positive and decreasing, with

(i) lim
t→∞ εt = ε̄,

whereε̄≥ 0,
(ii) lim

t→∞(εt+1/εt ) = 1.
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The role of theεk,t is to ensure that currency collapse does not occur in finite
time.10 Various specifications can be made to satisfy Assumption 1. An example
is furnished byεt = ε/t for anyε >0.

From Section 2, we have the equation determining actual inflation. This takes
the form

St = gt
St−1

πt
+min[d, λSt ],

whereλ<1; that is,

πt = gt St−1

St −min{d, λSt } . (8)

Here,gt is allowed to be random, as mentioned in Section 2, with 1 as its mean.
Substituting the saving function into this expression, we obtain

πt =
gt
[

max
{

a− bπe
t , 0
}+ εt

]
max

{
a− bπe

t+1, 0
}+ εt+1−min

{
d, λ

[
max

{
a− bπe

t+1, 0
}+ εt+1

]} .
(9)

We denote this mappingπt = F(πe
t+1, π

e
t , εt+1, εt , gt ).

For the learning rule, we start with a simple adaptive rule:

πe
t+1 = πe

t + γt+1
(
πt−1− πe

t

)
, (10)

for t = 0, 1, 2, . . . . For the special caseγt = 1/t , πe
t+1 is the sample mean of past

πt , which is, of course, a simple form of least-squares learning.
This type of rule is standard in the literature on adaptive learning [see the surveys

by Sargent (1993), Marimon (1997), and Evans and Honkapohja (1999)] and the
form adapted here is natural for learning steady states in stochastic systems [see,
e.g., Evans and Honkapohja (1995)].

We make the following standard assumption.

Assumption 2. The sequence of gains,γt , is a positive decreasing sequence
satisfying

(i)
∞∑

t=1

γt = ∞,

(ii)
∞∑

t=1

γ
p

t <∞ for somep,

(iii) lim
t→∞ sup

[
1

γt
− 1

γt−1

]
<∞.

Assumption 2(i) is required to avoid convergence to a non-equilibrium point, and
2(ii) is needed to ensure asymptotic elimination of residual fluctuation inπe

t .

Assumption 2(iii) is needed for technical reasons, but is not usually found to be
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restrictive. Assumption 2 characterizes a fairly large class of learning rules with
decreasing gain. An example is given byγt = 1/t yielding the case in whichπe

t+1
is the sample mean.

To obtain the limiting steady states for learning dynamics, we look at

G(πe) = lim
t→∞ F

(
πe, πe, εt+1, εt , 1

)
.

We show that the possible limiting steady states are then limited to the fixed points
of G. It is straightforward to calculate that

G(πe) =


(a− bπe)

a− bπe− d
if πe <

a− d/λ

b
and

1

1− λ otherwise.

There are the following four cases illustrated in Figures 2A–D. (These figures
are drawn to correspond to the different possibilities illustrated in Figures 1A–D,
respectively.)

The standard model with a fixed deficitd corresponds to havingλ= 1. For
small d, there are two steady states. In Figure 2A, these are shown as points A

FIGURE 2. Possible configurations of theG(·) map.
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and B and are the intersections of the function(a− bπe)/(a− bπe− d) with the
45-deg line. (Note that(a− bπe)/(a− bπe− d)→∞ asπe→ (a− d)/b.) In
our model withλ<1, there is a kink toG(πe) at point(a− d/λ)b−1. After this
switch point, the mappingG(πe) becomes horizontal. In Figure 2A, the switch
occurs above point B, yielding a third equilibrium at point C.

For a lower value ofλ, the switch occurs between points A and B. This case
results in a unique equilibrium at point A, as shown in Figure 2B. Note that in
this case the unique solution is the same as the low-inflation steady state of the
standard model.

For a low enough value ofλ, the switch occurs before the solutions to the
standard model. This yields a unique equilibrium on the horizontal part of the
mappingG(πe); see Figure 2C.

Finally, for high enough values ofd, the standard model has no solutions with
finite steady-state inflation. In this case, our deficit rule creates a finite steady state
for all valuesλ<1. This is illustrated in Figure 2D.

The following theorem shows that, under our simple adaptive learning rule, the
dynamics converge to the set of locally stable steady states.11

THEOREM 1. Under Assumptions1 and 2, as t→∞, πe
t converges with

probability1 to the set

{π̂ | π̂ = G(π̂),G′(π̂)<1}
of stable fixed points of G(πe), that is, to either point A or C in Figures2A–D.

G′(π̂)<1 is the condition for a steady state ˆπ to be locally stable under the
stochastic dynamics of the system (9) and (10). This is a familiar condition in
the literature on adaptive learning. For a precise definition of local stability under
learning in stochastic frameworks, see Evans and Honkapohja (1998).

The stability properties ofπ A, π B, andπC under adaptive learning are opposite
from their stability under perfect-foresight dynamics.12 This extends the corre-
sponding results forπ A andπ B in the standard monetary inflation model. Because
of the fiscal constraint, the dynamics at high inflation rates driveπt towardπC,
away fromπO and currency collapse.13 The fiscal constraint, in the presence of
ε-saving, prevents even the possibility of currency collapse. (Note that the stan-
dard model with learning would remain subject to currency collapse ifε-saving
were included.) We remark that, provided 1/(1− λ)<a/b, the paths converging
to πC have positive trading asymptotically, and the deficit can be financed up to
the constraint. If 1/(1− λ)>a/b, then there is still positive trading at all finite
times, but asymptotically the economy approaches autarky.

Tightening the fiscal constraint (loweringλ) reduces the maximum possible
steady-state inflation rateπC = 1/(1− λ). Moreover, if politically feasible, a suf-
ficient reduction of the value ofλ can ensure that the economy converges to the
low-inflation steady stateπ A. To see this, suppose that the economy is in a high-
inflation steady state at point C in Figure 2A. If the value ofλ can be reduced to
a sufficient degree, the steady states B and C in Figure 2A will disappear, and the
situation becomes qualitatively like Figure 2B in which only the steady state with
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low inflation is present.14 In this case, the fiscal constraint has helped to stabilize
inflation even though it is not binding at the steady state.

3.2. Heterogeneous Learning Behavior

We now allow for heterogeneity in agents’ learning behavior. The remainder of
our model is unchanged. Thus, aggregate saving, allowing for heterogeneous ex-
pectations and theε-shocks, is given by

St =
∫

[0,1]
max

{
a− bπke

t+1, 0
}
µ(dk)+ εt+1, (11)

and realized inflationπt continues to be given by (8).
We continue to assume that the expectations of agents adapt to the most recent

forecast error. In addition, we now allow for the possibilities of inertia in the forma-
tion of expectations and random fluctuations in the adaption speeds. In particular,
we assume for each agentk the rule

πke
t+1 =

{
πke

t with probabilityρt+1 and

πke
t + γk,t+1

(
πt−1− πke

t

)
with probability 1− ρt+1.

The probability 0≤ ρt+1< 1 captures the degree of inertia. The random “gains”
γk,t+1 are taken to be positive, independent of past information and, for eacht ,γk,t+1

are identically and independently distributed acrossk. Moreover,γt+1≡ Eγk,t+1

is assumed to converge to zero ast →∞.
The class of learning rules that we consider is, of course, still restrictive. In

particular, potentially important cases such as correlated groups of agents and
learning by imitation are not permitted. However, our formulation generalizes the
standard learning rule (10) in a way that admits heterogeneous learning and still
permits us to obtain formal results. As discussed later, the earlier literature on least-
squares learning has allowed heterogeneity in the form of different initial priors
but has imposed identical learning rules. Theorem 2 is the first in the literature to
establish convergence under assumptions that permit agents to process information
in different ways.

We replace Assumption 2 with the following assumptions.

Assumption 2′. γt (1− ρt ) is a positive decreasing sequence satisfying

(i)
∞∑

t=1

γt (1− ρt ) = +∞

(ii) for some p > 0:
∞∑

t=1

[γt (1− ρt )]
p < +∞.

(iii) lim
t→∞ sup

[
1

γt (1− ρt )
− 1

γt−1(1− ρt−1)

]
<∞.
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Assumption 3. For allk: γkt ≤ γ̄t , where ¯γt → 0 ast →∞.

A simple special case that satisfies the above assumptions is averaging with
inertia:γkt = t−1 andρt+1= ρ for some constant 0≤ ρ <1.

We remark that the assumptions on our learning rules imply that even if agents
initially have homogeneous expectations, heterogeneous adjustments to forecast
errors and/or heterogeneous inertia across agents ensure that heterogeneity of ex-
pectations will emerge over time. We are nonetheless able to obtain a strong global
convergence result for the heterogeneous expectations case, yielding homogeneous
expectations in the limit.

THEOREM 2. Suppose that Assumptions1, 2′, and3 hold and that Condition
B: gmax/(1− λ)<a/b is satisfied. As t→∞, πe

t converges with probability1 to
the set

{π̂ | π̂ = G(π̂),G′(π̂) < 1}
of stable fixed points of G(πe). Furthermore, ∀k: πke

t → πe
t as t→ ∞ almost

surely.

Condition B in Theorem 2 requires that the upper bound on exogenous money
injections,gmax, relative to the intensity of the fiscal constraint, 1− λ, be suffi-
ciently low. This condition seems natural, though it is not necessary for avoiding
currency collapse in the homogeneous case. However, it is only a small tightening
of the condition 1/(1− λ)<a/b, which is needed in either case to ensure that the
stable constrained-inflation steady state is bounded away from autarky.

3.3. Relation to the Literature on Learning

Theorem 2 gives a convergence result that is striking in that it gives global conver-
gence almost surely in a model with stochastic shocks and heterogeneous learning
rules. We obtain this global convergence result even for cases in which there are
multiple steady states.15

Heterogeneous expectations formation has been considered only in relatively
few papers in the earlier literature. Bray and Savin (1986) consider global con-
vergence of heterogeneous expectations to the rational-expectations equilibrium
(REE) by introducing different priors in the context of the cobweb model. How-
ever, in their model the equilibrium is unique and the learning rules of different
agents are identical. Marcet and Sargent (1989b) analyze some situations of het-
erogeneity and differential information for a class of models. Finally, a few papers
[see, e.g., Frydman (1982) and some papers in the volume edited by Frydman and
Phelps (1983)] have explored the issue of dynamics and stability when agents have
knowledge of average expectations in the economy.16

We go a step further in this direction and introduce heterogeneity of agents’
learning rules, within a class of adaptive rules, by incorporating random adaption
and inertia as basic behavioral assumptions. We emphasize the way in which
these assumptions make the theory more consistent with the experimental data,



CONVERGENCE IN MONETARY INFLATION MODELS 13

but potentially they can also play an important role in convergence results. In the
context of strategic games, Marimon and McGrattan (1995) show the importance
of adaptation and inertia (and experimentation) as behavioral assumptions that
guarantee asymptotic convergence results in repeated play.17

A different approach to modeling learning is based on genetic algorithms. This
approach has been developed in OLG economies by Arifovic (1995, 1998) and
Bullard and Duffy (1998). The use of genetic algorithms automatically provides
a model of heterogeneous expectations. The genetic algorithm results to date are
primarily based on numerical simulations.

In the standard deficits finance model, Marcet and Sargent (1989a), Marimon
and Sunder (1993), and Arifovic (1995) found the high-inflation steady stateπ B

to be unstable under learning, but there do exist some learning rules in whichπ B

is stable. For nonstochastic models (with homogeneous expectations), Lettau and
Van Zandt (1999) show that the usual stability results need not hold ifπe

t+1 depends
on contemporaneousπt and there is a sufficiently high reaction to it. Because our
model allows for stochastic shocks, convergence to an REE requires a decreasing
gainγt → 0; cf. Assumptions 2(ii) or 2′(ii). [See Evans and Honkapohja (1995,
p. 200).] This ensures that hereπ A is stable andπ B is unstable, in line with the
other papers cited above.

As already noted, Bray and Savin (1986) showed global convergence to the
unique REE for the cobweb model.18 For more general models, the methods
available in the literature on stochastic approximation [see, e.g., Ljung (1977),
Benveniste et al. (1990), and Ljung et al. (1992)] need to be utilized. In the pres-
ence of multiple REE, the basic results on global convergence state that (under a
compactness condition and under the absence of invariant sets that are more com-
plex than equilibrium points) there is convergence with probability one to the set
of equilibria that satisfy a local stability condition. In a model with homogeneous
learning rules, Woodford (1990) has used this result when showing the possibil-
ity of convergence to sunspot equilibria in the standard overlapping generations
model. Here, we use the same technique to derive the set of stable inflationary
steady-state solutions to money-financed deficits under heterogeneous learning
rules.

Our global convergence results can also be seen as a way to get rid of the
“projection facility” condition, used in much of the existing literature that applies
stochastic approximation techniques, which has been criticized for its lack of
economic foundation [e.g., in Grandmont (1998)].19 In our model, the “projection
facility,” is replaced by an economic constraint: Deficits cannot be more than a
given fraction of GDP.

4. EXPERIMENTAL EVIDENCE

Previous experimental studies have investigated the standard inflation model. The
experiments done by Marimon and Sunder (1993) and Arifovic (1995) show that
there is convergence only to the low-inflation and never to the high-inflation steady
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state. These results accord with the central theoretical predictions of adaptive
learning in the standard model. Here, we report on an experiment designed to
investigate whether the correspondence extends to the new features that emerge
under adaptive learning when the fiscal constraint is introduced.

The theoretical results of the previous two sections can be summarized as fol-
lows: First, because of the fiscal constraint, there should be convergence toward
some steady-state inflation rate, even for large target deficits. Second, for parame-
ter settings with two stable steady states under learning, one would expect to find
path dependence, that is, that the detailed history of the economy would govern
the inflation rate to which the economy converges. Third, a tightening of the fiscal
constraint reducing the number of steady states ought to shift the economy from a
high-inflation to a low-inflation steady state. The goal in this section is to present
some experimental evidence in support of these theoretical implications. Obvi-
ously, with experiments of finite length, it is impossible to establish the validity
of the detailed theoretical assumptions or test for strict asymptotic convergence.
However, experimental data can indicate support for the stability properties we
have derived and for the implications of policy shifts.

When studying the effect of the various government financial restrictions im-
posed in historical economies, one must make a priori assumptions about the
structure and one must come to terms with the credibility issue. Experimental
data are exempt from these problems. First, the underlying structure is known to
the experimenter. Second, “the rules of the game” are fixed in advance and never
changed ex post (in fact, in contrast with actual governments, the experimenter has
little to gain from ex-post changes), leaving little room for credibility problems.

Using the experimental software developed by R. Marimon and S. Sunder,
we studied the effect of policy changes in our framework. Appendix B provides
a brief description of the experiments.20 In summary, a network of computers
simulates an OLG economy, where experimental subjects participate either as
young, old, or outsiders. In the latter case, they are randomly selected to be “born
again.” Consumption goods cannot be stored between periods and fiat money
cannot be stored by old agents. Subjects make predictions of the next period’s
rate of inflation (knowing prices up to the last period). If they are young, their
forecasts are translated by the computer into their optimal savings rates, as in the
model in Section 2. These savings, in turn, translate into current consumption and,
given the next period’s realized inflation, into consumption the following period—
when old. These two consumptions, via their endowed preferences, are translated
into payoffs (pesetas). If they are not young, then their forecasts are rewarded
according to ex-post accuracy. These forecasts of the old and outsiders play no
role in the economy, but provide additional information on subjects’ forecasting
rules. Price is the market-clearing price given current savings of the young, existing
money holdings of the old, and the (seignorage) expenditures of the government.
Throughout the experiments, lump-sum taxes are zero, and so, the target deficit is
identical to target government expenditures. Experimental subjects know the basic
parameters of the economy and are informed in advance of any possible policy
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FIGURE 3. Experimental design of Economy 1.

change. They do not, however, know the exact “termination date.” This date is
decided by the experimenter and communicated to the subjects after they have
submitted that period’s forecasts. Therefore, there is a well-defined (endogenous)
price for this last period, which is the one that clears the market, given the forecasts.
That is, fiat money (of the old) can be translated into consumption units, even
though commodity markets do not open in the last period.

Two experimental economies were conducted in two experimental sessions at
the Universitat Pompeu Fabra experimental lab (LeeX, July 15, 1994). Figure 3
describes Economy 1 (as in Figure 2, the thick line represents theG map). This
economy has four regimes, corresponding to three changes of parameters. The new
parameters were announced two periods before the changes took place. Starting
from a situation of unsustainable desired government expenditures, the per-capita
deficit d is reduced (in period 23), but since the new level is still unsustainable,
the structure of steady-state equilibria remains unchanged.21 A second change (in
period 34), to a sustainable level of government expenditures, expands the set
of stationary equilibria from one to three. Finally, the restriction on government
expendituresλ is made more stringent (in period 45), reducing the set of stationary
equilibria from three to one. Our aim, with such a design, was to see whether we
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FIGURE 4. Results for Economy 1 experiment.

would observe convergence first to the high-inflation steady state, and then, after
the change of government’s restriction, to the low-inflation steady state.

Figures 4 and 5 show the experimental results. As can be seen, the deficit is
unsustainable (up to period 33), but inflation is very high and very volatile.22 The
first reduction of the deficit, although it does not change the high steady-state
(gross) inflation rate (which is 5 from period 1 to period 44), may have some
influence on the inflation path. After period 33, the deficit is within the constraint
for some periods and, even when it is binding, inflation fluctuates around the stable
high-inflation steady state. The volatility of inflation is somewhat reduced in this
regime. Although in this regime there are two stable steady states, the history of
the economy has led the agents to the high-inflation equilibrium.

The strengthening of the fiscal constraint (in period 45) completely modifies the
inflation path dynamics. Although (gross) inflation is 4.1 in period 44, and remains
at 3.8 in period 45, it falls to 1.8 in period 46, remaining around the low-inflation
steady state after that (see Figures 4A and 5D).

The direct effect of the fiscal constraintλ can be seen in Figure 4B.23 All periods
in which the revenues are below the targeted revenues are periods in which the
fiscal constraint has been binding. As can be seen, the constraint is never binding
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FIGURE 5. Results for Inflation in Economy 1 by period.

after period 47.24 Thus, in this experiment, a tightening of the fiscal constraint led
to a situation in which the constraint is not binding in the end. This apparently
paradoxical result is a consequence of the reduction in the number of steady states
after the policy change. Under adaptive learning, the economy is driven to the
low-inflation steady state at which the target revenues are attained.

In Economy 2, we studied the change from a policy regime in which currency
collapse is almost possible [i.e., condition 1/(1− λ)<a/b is not satisfied] to a
regime in which the tighter fiscal constraint ensures positive saving in the con-
strained steady state. Figure 6 shows the experimental design of Economy 2. For
the first nine periods, the fiscal constraint,λ, is 0.9 and it is reduced to 0.8 in pe-
riod 10. That is, after period 10, there are three stationary equilibria with positive
saving.

The results of Economy 2 (Figure 7) are very interesting and show how the
stabilization mechanism can be very strong. It is worthwhile following the sequence
of events in some detail. In the first six periods, inflation is very high and volatile.
Forecasted inflation is high,25 resulting in low savings. In particular, in period
6, the average predicted inflation, for period 7, by the six members of the young
generation is 6.91,26 which results in an effective expenditure of 0.04 per capita (as
opposed to the planned 0.5), which is low relative to the expenditure of the previous
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FIGURE 6. Experimental design of Economy 2.

period, and results in a very high inflation,π6= 109.5. [Recall that, by equation
(8),πt = 10(St−1/St ), as long as the constraint,λ= 0.9, is binding.] However, the
somewhat lower price expectations of next period’s young (6.12, formed before
the jump ofp6 was observed) result in a dramatic reduction of inflation next period
(π7= 1.02).

Nothing prevents inflation from jumping high again the following period. How-
ever, in period 8, the announcement is made that there will be a strengthening
of the fiscal constraint in period 10. The subjects have had previous experience
(Economy 1) of the reduction of the inflation rate that followed such a policy
change. The predicted mean inflation by the young in period 8, for period 9, is
3.53, substantially less than in previous periods. As a result, the fiscal constraint
is not binding in period 8 (see Figure 7B) and inflation remains low. After that, it
seems the inflation path appears to be characterized by the stability properties of
the low-inflation stationary equilibrium.

These data also show how “adaptive” subjects are able to “anticipate” the effect
of an announced change of policy regime once they have had experience of a similar
change.27 In Economy 2, this results in convergence to the low-inflation stationary
state, though the increased fiscal discipline did not imply such a result. Inflation
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FIGURE 7. Results for Inflation in Economy 2.

rates could have converged to—or stayed around—the high-inflation steady state
as in Figure 5C. Note that the policy parameters are identical for Figure 3C (experi-
ment 1) and Figure 6B (experiment 2). Although the theory in Sections 3 and 4 does
not allow for anticipation effects, the different outcomes clearly reflect the path
dependence of the model under learning. In principle, the theory could be formally
extended to allow agents to condition their forecasts on such announcements.

5. CONCLUDING REMARKS

The economic message from this paper is twofold. First, a limitation on the size
of the public deficit as a fraction of a measure of aggregate market activity can
be a mechanism for the avoidance of explosive price paths, leading to currency
collapse, which might take place in the absence of such a constraint, most notably
when real target deficits are large. Second, a sufficient tightening of the fiscal
constraint can ensure convergence to the low-inflation steady state despite the
existence of multiple steady states in the absence of the fiscal constraint. Note that
in the latter situation a discrete change in the fiscal constraint generally is required:
The response to the parameter change is nonlinear, and disappearance of some



20 GEORGE W. EVANS ET AL.

steady states is needed. Learning dynamics then do a significant part of the work
in the adjustment to the new inflation equilibrium. The striking contrast between
the rational expectations and learning analyses of the role of the fiscal constraint
points to the importance of the study of learning processes in policy design.

This paper also makes a significant step toward studying economies with adap-
tive heterogeneous agents: We obtain formal global convergence results in a
stochastic nonlinear model while allowing for the heterogeneity of expectations
that is apparent from experiments. By introducing random adaption speeds and
inertia, we have allowed for much more heterogeneity than has the previous the-
oretical literature. Further generalizations would be possible. A finite number of
different consumer types could be accommodated by appropriately stacking the
variables and the dynamic system describing the learning dynamics.

Finally, we have presented some supporting experimental evidence. Although
our (limited) experimental results cannot test our detailed formal assumptions, they
do support the idea that a fiscal constraint on monetary policy can have a major
stabilizing role. Our experimental data are consistent with the view that agents
behave adaptively in forming their expectations and that policies have the effects
predicted by our model with adaptive learning.

NOTES

1. In related work, Marcet and Nicolini (1998) study the use of external constraints, taking the
form of convertibility rules, for inflation stabilization. They develop their results in the context of Latin
American inflationary episodes. Monetary instability under learning of pure interest rate control in a
cash-in-advance model has been shown by Howitt (1992).

2. The discussion of this paragraph somewhat oversimplifies the results on adaptive learning in the
standard model. The literature on learning is discussed in Section 3.3.

3. The fiscal constraint is binding only in the transition to the low-inflation steady state. It does not
affect the steady state.

4. The monetary asset in OLG models serves solely as a store of value and can be interpreted as a
nominal one-period bond. Setting the coupon rate equal to zero for convenience yields its interpretation
as money. See Farmer (1993, Ch. 6). Furthermore, in OLG models, money and real bonds are perfect
substitutes, as discussed for example by Sargent (1987, Ch. 7, Sect. 4); the crucial variable determining
the equilibrium price path is the total liability of the government. By extending the model along the
lines of Sargent and Wallace (1981), it would be possible to allow for the simultaneous existence of
money and nominal bonds at the cost of added theoretical complexity.

5. Each agentk of the initial generation lives only in period 1 and is endowed withω=ω2 of the
consumption good. He also has an endowment of fiat money ofh0 and his preferences are represented
by uk(c0)= ln(c0).

6. As noted later, in equilibrium we also havest equal to the real money stock. Recall that, in a
steady state, real balances are the inflation tax base, with the tax rate given by the net inflation rate.
More general setups than our simple OLG model would allow us to distinguish between the inflation
tax base, savings, and GDP.

7. Government expenditures can also be financed in part by lump-sum taxes, provided they are
constant over time. For convenience, these taxes are set at zero.

8. Since in our framework deficits are equal to seignorage, the constraint can also be interpreted as
a limitation on seignorage. If the government can issue debt, combined fiscal constraints on debt and
deficits imply constraints on seignorage. Note that both types of constraints (i.e., constraints on deficits
and direct constraints on seignorage) are in place in some countries, for example, in the EMU.
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9. Steady-stateπO =a/b corresponds to the autarky solution in which money is not valued. There
are also nonstationary perfect-foresight paths converging to eitherπ B (point B) orπO (point O).

10. This could also be achieved by introducing heterogeneous endowments or tastes. Provided some
agents have a strong saving motive, aggregate saving will remain positive for a wide range of expected
inflation rates. A limit ¯ε >0 is formally equivalent to having a class of agents with no second-period
endowment.

11. The proofs of the theorems are in Appendix A.
12. Recall also that, under perfect foresight, the dynamics at high inflation rates follow paths

converning towardπO. This would remain true under perfect foresight if we introducedε-savings
(convergence would be to a small perturbation ofπO if ε̄ >0).

13. In a different framework, Evans and Ramey (1995) also show the possibility of stable high rates
of inflation if agents’ adaptation is costly. However, they show that currency collapse will result for
other parameter values in their model.

14. Confining the analysis of the model to rational-expectations dynamics might mislead one to
view such a tightening as harmful since, after the reduction inλ, the situation is qualitatively like
Figure 1B with dynamic paths approaching the autarky point O.

15. Recently, Bischi and Marimon (1999) characterized the global stability properties of a (deter-
ministic) model similar to the one studied here, allowing constant gain learning rules [i.e.,γt = γ ∈
(0, 1)]. Their approach, based on global bifurcation theory, differs from ours and reinforces the con-
clusions of our work.

16. Townsend (1983) considers similar issues for rational learning.
17. The “eductive” approach to learning suggested by Guesnerie (1992) also emphasizes hetero-

geneous expectations.
18. Evans and Honkapohja (1998) provide a generalization of the Bray and Savin result to simul-

taneous equation models with a unique REE.
19. The “projection facility” amounts to constraining expectations to a compact set in the basin of

attraction of a locally stable steady state. For another way of avoiding the projection facility, see Evans
and Honkapohja (1998).

20. See, for example, Marimon and Sunder (1993, 1995) for a more detailed account of the exper-
imental approach followed here.

21. An unsustainable target deficit is one that precludes the existence of a steady state in the model
without the additional government financial constraint.

22. The volatility in this regime is not surprising in light of equation (8) or (A.4). Withλ= 0.8
and g= 1, πt = 5(St−1/St ) if the fiscal constraint binds. Futhermore, if inflation expectations are
sufficiently high,St = εt so that inflation is heavily influenced by the randomε-saving.

23. In Figures 4B and 7B, the vertical axis shows total government revenues, i.e.,n× d, where in
these experimentsn= 6.

24. The average revenues by subperiods are as follows: Periods 1–22, 15.9; Periods 23–33, 13.2;
Periods 34–44, 12.1; and Periods 45–63, 14.4. This shows that revenues are still high with the final
(stabilizing) policy, even though it is less expansionary than the ones previously used (e.g., in Periods
34–44).

25. As is explained in Appendix B, reported forecasts have been truncated to be less thana/b= 7.
26. In Figure 7A, the mean prediction corresponds to the mean prediction of all the subjects—not

only the young—which in period 7 is 6.50.
27. Similar “anticipation effects” are reported by Marimon and Sunder (1994) and in their more

recent ongoing work.
28. If 1/(1− λ)>a/b, this branch intersects the 45-deg line from below at the autarky pointa/b.
29. See Marcet and Sargent (1989c, Appendix) or Woodford (1990, Appendix) for statements of

some versions of Ljung’s theorems.
30. In Economies 1 and 2:N= 14 andn= 6.
31. This procedure of imposing the reward structure effectively induces the same responses as if

the agents had log utility; see the discussion of induced value theory in Friedman and Sunder (1994,
pp. 12–15).
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32. Translated from the Spanish instructions which had a somewhat less technical language (but
the same equations, etc.). As usual, the instructions were explained in detail to the subjects.

33. This was not a good feature of the software used in the experiment because it constrained
final observed forecasts. The current version follows the above formulas, allowing for arbitrarily large
forecasts (up to computer limitations!). Nevertheless, this feature of the forecasting procedure did not
have any impact on the experimental economy.
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APPENDIX A: DERIVATIONS AND PROOFS

A.1. PERFECT-FORESIGHT CASE

Equation (6) describes the equilibrium dynamics of the economy, actual inflation as a func-
tion of agents’ expected inflation for the current and the following period. When expectations
are homogeneous, this equation is of the form

8
(
πe

t+1, π
e
t , πt

) = 0.

We can close the equilibrium condition by postulating therational-expectations hypothesis.
That is,πke

t =πt . Then, rational-expectations equilibrium paths are given by a difference
equation,

πt+1 = R(πt ),
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which takes the precise form

πt+1 =



(
a− d

b
+ 1

)
− a

b

1

πt
πt+1 ≤ a− d/λ

b(
a

b
+ 1

1− λ

)
− a

b

1

(1− λ)πt
πt+1 >

a− d/λ

b

. (A.1)

Notice that, as long asπt+1≤ (a− d/λ)b−1, the R(·) map corresponds to the standard
equilibrium map of models of seignorage, where, if the level of the deficit,d, is sustainable,
there are two steady states(π A, π B); the one with higher inflation,π B, is usually identified
with a steady state of hyperinflation. On the other hand, another concave map is defined
for the range in whichπt+1>(a− d/λ)b−1. Provided 1/(1− λ)<a/b, this map has two
steady states, the lowπC = 1/(1− λ), and the highπO =a/b. At this last steady state,
savings are zero and money ceases to have value.28 When they exist, all four steady states
define stationary rational-expectations equilibria. Furthermore, there is a continuum of
nonstationary rational-expectations equilibrium paths: In the long run, these paths are either
atπ B or in the nonmonetary equilibrium corresponding toπO.

A.2. LEARNING WITH HOMOGENEOUS EXPECTATIONS

Here we prove Theorem 1.

Proof of Theorem 1. We set up the model as a recursive stochastic algorithm and use
the results of Ljung (1977). Substituting forπt−1 in the adaptive learning rule, we get

πe
t = πe

t−1 + γt

[
F
(
πe

t−1, π
e
t−2, εt−1, εt−2, gt−2

)− πe
t−1

]
.

To apply the results of Ljung (1977), we need to set up the system in two parts. First, we
define an equation for the evolution of a vector of state variablesϕt . We thus let

ϕt = A
(
πe

t−1

)
ϕt−1 + B

(
πe

t−1

)
et ,

whereϕt = (ϕ1,t , ϕ2,t , ϕ3,t )
′ , et = (1, gt−2)

′, and

A
(
πe

t−1

) =
0 1 0

0 0 0

0 0 0

 , B
(
πe

t−1

) =
 0 0

πe
t−1 0

0 1

 .
The second part of the algorithm is the equation for the vector of parameters (here simply
the scalarπe

t ) taking the formπe
t =πe

t−1+ γt Q(t, πe
t−1, ϕt ), where

Q
(
t, πe

t−1, ϕt

) ≡ [F(πe
t−1, ϕ1,t , εt−1, εt−2, ϕ3,t

)− πe
t−1

]
.

It is straightforward to verify that Ljung’s assumptions B are met.29 Moreover,πe
t ≤ Nδ ≡

max{a/b, gmax/(1− λ)}+ δ, for anyδ >0, infinitely often. We prove this by contradiction.
If πe

t > Nδ for ∀t > T0 for someT0, then

πt ≤ gtεt

(1− λ)εt+1
∀t > T0.
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Thus, from equation (10), it follows thatπe
t is a strictly decreasing sequence and, since∑∞

t=1 γt =∞, it must eventually fall belowNδ. It follows thatπe
t ≤ Nδ infinitely often.

The assumptions of Theorems 1 and 2 of Ljung (1977) are now satisfied. It follows that,
with probability 1,πe

t converges to the stable fixed points of the associated differential
equation

dπe

dτ
= G(πe)− πe.

A.3. LEARNING WITH HETEROGENEOUS EXPECTATIONS

We can rewrite the learning rule

π ke
t+1 = πke

t + ξ k
t+1γk,t+1

(
πt−1 − π ke

t

)
, (A.2)

where for each agentk the variableξ k
t+1 is a Bernoulli random variable, independent of past

information, and independent acrossk, which takes the value 0 with probabilityρt+1 and 1
with probability 1− ρt+1. In addition,∀ j, k : ξ j

t+1 are assumed independent of currentπ ke
t

andγk,t+1.
Integrating equation (A.2) overk, we get

πe
t+1 = πe

t +
∫
ξ k

t+1γk,t+1

(
πt−1 − π ke

t

)
µ(dk).

We have∫
ξ k

t+1γk,t+1π
ke
t µ(dk) =

{∫
ξ k

t+1µ[µ(dk)]

}[∫
γk,t+1π

ke
t µ(dk)

]
+Cov

µ(dk)

(
ξ k

t+1, γk,t+1π
ke
t

)
.

Using the law of large numbers for continua of random variables [see Judd (1985)],∫
ξ k

t+1µ(dk)= 1− ρt+1 and, from the independence assumption,

Cov
µ(dk)

(
ξ k

t+1, γk,t+1π
ke
t

) = 0.

Moreover, we get∫
γk,t+1π

ke
t µ(dk) =

[∫
γk,t+1µ(dk)

][∫
π ke

t µ(dk)

]
= γt+1π

e
t .

Analogously, using independence and the law of large numbers, we have∫
ξ k

t+1γk,t+1πt−1µ(dk) = (1− ρt+1)γt+1πt−1.

These arguments yield

πe
t = πe

t−1 + γt (1− ρt )
(
πt−2 − πe

t−1

)
. (A.3)

We have arrived at an aggregate learning rule for expectations of inflation that is very
similar to equation (10) even though we have allowed for heterogeneous expectations.



26 GEORGE W. EVANS ET AL.

However, with heterogeneous expectations, aggregate savings, which continues to determine
inflation through equation (8), is no longer given by equation (7) but instead by (11).

Proof of Theorem 2. We introduce the notationMt (π)={k |πke
t <π}, Mt =Mt (a/b)

andµt (π)=µ[Mt (π)], whereµ denotes the Lebesgue measure. Then, inflation is given by

πt =

gt ·
[∫

Mt

(
a− bπ ke

t

)
µ(dk)+ εt

]
∫

Mt+1

(
a− bπke

t+1

)
µ(dk)+ εt+1−min

{
d, λ ·

[∫
Mt+1

(
a− bπ ke

t+1

)
µ(dk)+ εt+1

]} .
(A.4)

We first show that∃T andδ >0:∀t > T :πt ≤a/b− δ.
From Condition B,∃δ >0:πt >a/b− δ implies πt > [gmax/(1− λ)](1+ κ) for some

κ >0 and anyt . On the other hand, (A.4) implies

πt ≤
(

gmax

1− λ

)(
st−1 + εt

st + εt+1

)
.

Therefore,
st−1 + εt

st + εt+1
> 1+ κ.

Using Assumption 1(ii), it follows that

∃T1 > 0, 0< κ1 < κ: ∀t > T1:
st−1

st
> 1+ κ1. (A.5)

On the other hand, for anyt ,

st−1

st
=
∫

Mt (πt−1)
st−1,kµ(dk)+ ∫

Mt (πt−1)
cst−1,kµ(dk)∫

Mt (πt−1)
st,kµ(dk)+ ∫

Mt (πt−1)
cst,kµ(dk)

,

where Mt (πt−1)
c= [0, 1]\Mt (πt−1), the set-theoretic complement. Next, note thatk ∈

Mt (πt−1)
c impliesst,k≥ st−1,k, sinceπ ke

t+1 is a convex combination ofπ ke
t andπt−1. More-

over, using the learning rules (A.2), we have

st,k = max
[
st−1,k − bξ k

t+1γk,t+1

(
πt−1 − π ke

t

)
, 0
]
,

so that, for allt large enough,k∈Mt (πt−1) impliesst,k≥ st−1,k− bγ̄tπt−1, where ¯γt is given
in Assumption 3. It follows from Assumptions 1(ii) and 3 that
st−1

st

≤
aµt (πt−1)+

∫
Mt (πt−1)

cst−1,kµ(dk)∫
Mt (πt−1)

cst−1,kµ(dk)− µt (πt−1)bγ̄tπt−1 +
∫

Mt (πt−1)
cst−1,kµ(dk)

→ 1, as t →∞.

(A.6)

Statements (A.5) and (A.6) are contradictory, so thatπt <a/b− δ for someδ >0 small
enough and allt sufficiently large.
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Using (A.2), even the slowestπ ke
t will reach a value≤a/b in finite time. Thus,∀t > T̄

sufficiently large,πke
t ≤a/b. Since∫

πke
t µ(dk) = πe

t ,

it follows from (A.4) that

πt =
gt

(
a− bπe

t + εt

)
a− bπe

t+1 + εt+1 −min
[
d, λ
(
a− bπe

t+1 + εt+1

)] = F
(
πe

t+1, π
e
t , εt+1, εt , gt

)
(A.7)

from T̄ onward. Combining equations (A.3) and (A.7), we arrive at

πe
t = πe

t−1 + γt (1− ρt )
[
F
(
πe

t−1, π
e
t−2, εt−1, εt−2, gt−2

)− πe
t−1

]
(A.8)

to which we can again apply the method of proof in Theorem 1. The argument is analogous
to that in Section 3.

Finally, consider the individual expectations. For eachk, we consider the bivariate re-
cursive algorithm in the variables(πe

t , π
ke
t ). To obtain the equation forπ ke

t , we substitute
(A.7) into equation (A.2), yielding

πke
t = πke

t−1 + γt (1− ρt )

(
ξ k

t

1− ρt

)(
γkt

γt

)[
F
(
πe

t−1, π
e
t−2, εt−1, εt−2, gt−2

)− π ke
t−1

]
.

(A.9)

The system consisting of equations (A.8) and (A.9) is now in standard form and satisfies
Ljung’s assumptions. The associated differential equation for(πe

t , π
ke
t ), when linearized,

has the coefficient matrix (
G′(π̂)− 1 0

G′(π̂) −1

)
at an equilibrium(π̂, π̂). Since this matrix is stable, the result follows.

APPENDIX B: DESCRIPTION OF EXPERIMENTS

These experiments were conducted on student subjects at the Universitat Pompeu Fabra
in Barcelona.N ≥ 2n subjects were recruited for each session.30 Of these,n subjects each
played the role of “young” and “old” generations, respectively, in any given period, while
the remainingN− 2n subjects waited as interested onlookers. At the beginning of each
period,n subjects were randomly picked from the group of those who were not young in
the preceding period, and the remainingN− 2n were left in the waiting pool. This process
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ensured that every subject had to wait a random number of periods (minimum 0) between
exiting the economy and reentering it as young again.

After reading and explaining the instructions (instructions for Economy 1 follow this
narrative), the subjects participated in five to six periods of a trial economy. Fiat money
was labeled “francs” and the consumption good was labeled “chips.” The number of chips
“consumed” were converted into Spanish pesetas at the end of the exit period of each subject.
Total pesetas accumulated in this manner were paid to subjects at the end of the session in
cash. Most sessions lasted for about three hours, and each subject took home 2,000–3,000
peseta on average from each session.

All subjects were asked to predict inflation in the price of chips, ˜πt+1= p̃t+1/ p̃t , at the
beginning of each periodt .

From the individual inflation forecasts, the computer constructed an optimal supply for
each individual, and the market supply from the individual supplies.31 The computer also
calculated a market demand function for chips from the money balances of the old after
taking into account the government policies on fiscal deficit and money growth. The com-
puter calculated the market-clearing price and allocations, and distributed this information
to all subjects. When the experimenter terminated an economy without advance warning,
franc balances of the young in the last period were converted into chips at the market-
clearing price calculated for the following (nonplayed) period, before the announcement of
termination was made.

B.1. INSTRUCTIONS FOR ECONOMY 1 (JUNE 199432)

This is an experiment in decision making. The Ministry of Education of Spain has provided
funds for this research. The instructions are simple; follow them carefully. The money you
earn depends on the decisions you and others make. You will make decisions with the help
of the computer. This money will be paid to you in cash at the end of the experiment.

This experiment is divided into many periods. Your role may change from period to
period. You will have the opportunity to buy “chips,” sell “chips,” and make predictions of
what will happen in the future. The attached Information and Record Sheet will help you
keep a record of your decisions and determine their value to you.

The type of currency used in this market is francs. The only use of this currency is to
buy and sell chips. It has no other use. The money you take home with you is in pesetas.
The procedures for determining the number of pesetas you take home with you is explained
later in these instructions.

You will participate in a market for two consecutive periods at a time. Let us call the
first of these periods yourentry period (because you begin your participation then), and
the second yourexit period (because you end your participation in the market). Different
individuals may have different entry and exit periods. We shall tell you when youenterand
exit the market. You may enter and exit more than once depending on the number of periods
for which the market is operated.

B.2. Trading and Recording Rules

(1) All entry-period players are sellers and all exit-period players (and possibly the ex-
perimenter) are buyers. At the beginning of the entry or exit period you will receive
an amount of chips (endowment). This endowment always will be greater in your
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entry period (young) than your exit period (old). You cannot carry the chips from one
period to the next.

(2) Every exit-period player (old) pays all his francs to entry-period players (young) in
exchange for chips at a market price determined in the manner explained below.

(3) At the beginning of each period,everyplayer (young, old, and outsider) must state
the prediction of price ratio for the following period:̃pt+1/ p̃t = 1 + inflation rate.
Predictions of the entry players (young) will be used to determine the number of chips
they wish to sell according to the formula given later on.

(4) After considering the francs available from the exit players (old), offers made by
entry players (young) and experimenter’s policy (government) about financing the
debt with francs and/or incrementing the quantity of francs in circulation, the market-
clearing price is computed and announced. Exit players (old) and the experimenter
pay this price for each chip they buy. Each entry player (young) will be informed
of the number of chips he/she has been able to sell at the market price, and each
exit-period player (old) will be told of the number of chips that he/she has been able
to buy with his/her francs on hand.

(5) Each exit (old) and outside player receives a reward one period later, depending on
how close his/her prediction of price ratio is to the actually observed price ratio. At
the end of that period, the experimenter announces the most accurate predicted price
ratio, and the market price ratio.

(6) After transaction information is received, through the computer, each entry player
(young) can compute the chips remaining on hand (consume). The francs received
from sale will be used to buy chips in the exit period that follows immediately. You
can carry your francs on hand forward to the exit period by entering them in the
column “Francs” in the Record Sheet.

(7) Each exit player (old) records the number of chips purchased on the Information and
Record Sheet. Then the experimenter computes the pesetas earned by using formula
(B.1) or (B.1′) given below. This amount is the profit of the exit-period player (old) who
records this profit on the Information and Record Sheet. At the end, the experimenter
will pay each player the total amount of profits in pesetas.

(8) The experimenter may terminate the market at any time. Without any announcement in
advance, the participants will be informed which is the last period of the experiment;
francs held by all entry-period players (young) are converted into chips using the
market-clearing price of the following period.

(9) At the end of the experiment, add up the earnings and prediction rewards columns of
your Information and Record Sheet. The experimenter will pay you the sum of these
(your cumulative earnings) in pesetas.

B.3. Payoffs

The number of “pesetas” you will earn to take home with you for any pair of entry–exit
period will be

max{0, e(logc1 + logc2)}, (B.1)

wheree, the exchange rate of “utility to pesetas,” is set to 11 pesetas/chip today.
This means that the greater the product of chips you consume at the end of your entry

and exit periods, the greater the number of pesetas you earn to take home with you.
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The first period of the market will be an entry period for some of you (as described
above). For some of you, however, this first period itself will be an exit period and you will
receive the exit period endowment(ω2). In addition, each of you for whom the first period
is an exit period will receive an amount of francs from the experimenter at the beginning
of this period. These participants have to use all these francs to buy chips during the exit
period because the francs you hold at the end of an exit period are worthless; they cannot
be converted into pesetas directly. The payoff of such individuals at the end of Period 1 will
be

e(logc2) (B.1′)

At the beginning of each period, all of you will be asked to predict the price ratio of chips
for the next period. For example at the beginning of period 1, you will be asked what will be
the ratio of the price of chips in period 2 to the price of chips in period 1( p̃2/ p̃1). Please note
that, at the time you are asked to predict their ratio, you do not know either of the two prices
and, for example, if the price ratio (now) is 1.10, this means that the inflation rate is 10%.

B.4. Automatic “Chip” Supply

If you are in your entry period, the computer will use the price ratio you enter (p̃t+1/ p̃t ) to
compute the number of chips you sell in that period, as follows:

max
0≤s≤ω1

{
0, log(ω1 − s)+ log

(
ω2 + s

p̃t+1/ p̃t

)}
+ ε

This means that your optimal decision when you are convinced the price ratio will be
p̃t+1/ p̃t is

si,t = max
{

0, 0.5
[
ω1 − ( p̃t+1/ p̃t )ω

2
]}+ ε (B.2)

Notice that the higher the price ratio you enter the fewer the number of chips you will
sell. If your price ratio prediction isω1/ω2 , you will sellε chips, whereε≥ 0 is a very small
random number representing small “precautionary savings.” If your price ratio prediction
is higher thanω1/ω2, the computer will ask you to submit a new prediction.33

B.5. Prediction Rewards

The price ratio predicted by the exit and outside players will earn them a reward, the more
accurate your prediction, the greater the reward (determined by their absolute magnitude
of relative error in your prediction):

max

{
0, e2

(
1−
∣∣∣∣[ (pt+1/pt )− ( p̃t+1/ p̃t )

(pt+1/pt )

]∣∣∣∣)}, (B.3)

where( p̃t+1/ p̃t ) is your prediction. Today,e2= 20.
This means that the exact prediction will earn you 20 pesetas, and prediction error

will reduce your reward proportionately until it becomes zero (0) for an error of 100% or
more. Your prediction reward cannot be negative. Entry players will not participate in these
prediction rewards.



CONVERGENCE IN MONETARY INFLATION MODELS 31

B.6. Policy Parameters and Changes

At the beginning of an economy, you will be told the amount of government expenditures
planned to be financed by printing money (“Govt. deficit” in your screen), as well as,
the restriction imposed on the government (“Govt. restriction” in your screen), that is the
maximum fraction of total savings that can be used for government consumption. For
example, if “Govt. restriction” is 0.9 and total savings areSt = 12, then total government
expenditure (deficit) cannot be more than 0.9× 12= 10.8, even if the announced “Govt.
deficit” was 11.

In some economies, these “Govt.” parameters may be changed. Nevertheless, any change
will either be announced at the outset or, at least two periods in advance (with a message
in your screen).


