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Abstract
We study the international monetary policy design problem within an optimizing twocountry sticky price model, where each country faces a short run tradeoff between output and
inﬂation. The model is sufﬁciently tractable to solve analytically. We ﬁnd that in the Nash
equilibrium, the policy problem for each central bank is isomorphic to the one it would face if
it were a closed economy. Gains from cooperation arise, however, that stem from the impact
of foreign economic activity on the domestic marginal cost of production. While under Nash
central banks need only adjust the interest rate in response to domestic inﬂation, under
cooperation they should respond to foreign inﬂation as well. In either scenario, ﬂexible
exchange rates are desirable. r 2002 Published by Elsevier Science B.V.
JEL classification: E5; F3
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1. Introduction
The existence of a short run tradeoff between output and inﬂation is a central
obstacle to the smooth management of monetary policy. In the open economy, of
course, there are additional complications: Not only must a central bank take
$
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account of the exchange rate in this situation, but potentially also the feedback
responses of foreign central banks to its policy actions.
In this paper we revisit these classic issues by developing a simple two-country
model that is useful for international policy analysis. Consistent with a voluminous
recent literature, our framework is optimization-based and is sufﬁciently tractable to
admit an analytical solution.1 In most of this work (particularly the work that is
purely analytical), nominal price setting is done on a period by period basis, leading
to highly unrealistic dynamics.2 We use instead the staggered price setting model that
has become the workhorse of monetary policy analysis in the closed economy, and
augment it by allowing for a short run tradeoff in a way that does not sacriﬁce
tractability. Thus, we are able to investigate qualitatively the implications of
international considerations for monetary policy management without having to
abstract from the central problem that the tradeoff poses.
Our framework is essentially a two-country version of the small open economy
model we developed in Clarida et al. (CGG) (2001), which is in turn based on Gal!ı
and Monacelli (1999). In this paper we showed that under certain conditions the
monetary policy problem is isomorphic to the problem of the closed economy
studied in CGG (1999). In this setting, accordingly, the qualitative insights for
monetary policy management are very similar to what arises for the closed economy.
International considerations, though, may have quantitative implications, as
openness does affect the model parameters and thus the coefﬁcients of the optimal
feedback policy. In addition, openness gives rise to an important distinction between
consumer price index (c.p.i.) inﬂation and domestic inﬂation. To the extent there is
perfect exchange rate pass-through, we ﬁnd that the central bank should target
domestic inﬂation and allow the exchange rate to ﬂoat, despite the impact of the
resulting exchange rate variability on the c.p.i.
In the two-country setting we study here, the monetary policy problem is sensitive
to the nature of the strategic interaction between central banks. In the absence of
cooperation (the ‘‘Nash’’ case), our earlier ‘‘isomorphism’’ result is preserved. Each
country confronts a policy problem that is qualitatively the same as the one a closed
economy would face. The two-country framework, though, allows us to characterize
the equilibrium exchange rate and illustrate concretely how short run tradeoff
considerations enhance the desirability of ﬂexible exchange rates.
The strict isomorphism result, however, breaks down when we allow for the
possibility of international monetary coordination. There are potentially gains from
cooperation within our framework, though they are somewhat different in nature
than stressed in the traditional literature, as they are supply side. In particular, the
domestic marginal cost of production and the domestic potential output depend on
the terms of trade, which in turn depends on foreign economic activity. By
1

Some examples of this recent literature include: Obstfeld and Rogoff (2000a, b), Corsetti and Pesenti
(2001a), Kollman (2001), Devereux and Engel (2001), Lane (2001), and Chari et al. (2000).
2
A recent exception is Benigno and Benigno (2001) who have concurrently emphasized some similar
themes as in our paper, though the details of the two approaches differ considerably. We introduce a short
run tradeoff by allowing for staggered price setting in conjunction with a certain type of labor market
friction, as we discuss in the next section.
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coordinating policy to take account of this spillover, central banks can in principle
improve welfare. As we show, coordination alters the Nash equilibrium in a simple
and straightforward way. Among other things, we show that it is possible to
implement the optimal policy under coordination by having each central bank
pursue an interest rate feedback rule of the form that was optimal under Nash (a
kind of Taylor rule), but augmented to respond to foreign inﬂation as well as
domestic inﬂation.
In Section 2 we characterize the behavior of households and ﬁrms. Section 3
describes the equilibrium. Section 4 describes the policy problem and the solution in
the Nash case. In Section 5, we consider the case of cooperation. Concluding
remarks are in Section 6. Finally, the appendix provides explicit derivations of the
welfare functions.

2. The model
The framework is a variant of a dynamic New Keynesian Model applied to the
open economy, in the spirit of much recent literature.3 There are two countries, home
and foreign, that differ in size but are otherwise symmetric. The home country (H)
has a mass of households 1  g; and the foreign country (F ) has a mass g: Otherwise
preferences and technologies are the same across countries, though shocks may be
imperfectly correlated. Within each country, households consume a domestically
produced good and an imported good. Households in both countries also have
access to a complete set of Arrow–Debreu securities which can be traded both
domestically and internationally.
Domestic production takes place in two stages. First, there is a continuum of
intermediate goods ﬁrms, each producing a differentiated material input. Final
goods producers then combine these inputs into output, which they sell to
households. Intermediate goods producers are monopolistic competitors who each
produce a differentiated product and set nominal prices on a staggered basis. Final
goods producers are perfectly competitive. We assume that the number of ﬁnal
goods ﬁrms within each country equals the number of households. Though, we
normalize the number of intermediate goods ﬁrms at unity in each country.4
Only nominal prices are sticky. As is well known, in the absence of other frictions,
with pure forward looking price setting there is no short run tradeoff between output
and inﬂation.5 To introduce a short run tradeoff in a way that is analytically
tractable, we assume that households have some market power in the labor market,
and then introduce exogenous variation in this market power as a convenient way to
generate cost-push pressures on inﬂation.
We next present the decision problems of households and ﬁrms.
3

See Lane (2001) for a survey.
As will become clear, making the number of intermediate goods ﬁrms the same across countries ensures
that ﬁnal goods producers within each country face the same technology.
5
See, for example, Clarida et al. (1999).
4
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2.1. Households
Let Ct be the following index of consumption of home (H) and foreign (F ) goods:
1g g
Ct  CH;t
CF;t

ð1Þ

and let Pt be the corresponding consumption price index (that follows from cost
minimization):
1g g
Pt ¼ k1 PH;t
PF;t

¼ k1 PH;t Stg ;

ð2Þ

where St ¼ PF;t =PH;t is the terms of trade and k  ð1  gÞð1gÞ gg :
Let Nt ðhÞ denote the household’s h hours of labor, with Wt ðhÞ the corresponding
nominal wage. Let Dtþ1 denote the (random) payoff of the portfolio purchased at t;
with Qt;tþ1 the corresponding stochastic discount factor. Finally, let Tt denote lump
sum taxes and Gt denote lump sum proﬁts accruing from ownership of intermediate
goods ﬁrms. Then the representative household in the home country maximizes6
E0

N
X

bt ½UðCt Þ  V ðNt ðhÞÞ

ð3Þ

t¼0

subject to the sequence of budget constraints
Pt Ct þ Et fQt;tþ1 Dtþ1 g ¼ Wt ðhÞNt ðhÞ þ Dt  Tt þ Gt :

ð4Þ

In addition, the household is a monopolistically competitive supplier of labor and
faces the following constant elasticity demand function for its services:


Wt ðhÞ Zt
Nt ;
ð5Þ
Nt ðhÞ ¼
Wt
where Nt is per capita employment and

Wt 

1
1g

Z

1g

Wt ðhÞ1Zt dh

1=ð1Zt Þ

0

is the relevant aggregate wage index. The elasticity of labor demand, Zt ; is the same
across workers, but may vary over time. Note that this particular demand curve
evolves from a production technology that has labor input a CES aggregate of
individual household labor hours, as we describe in the next sub-section.
We specialize the period utility function to be of the form
UðCt Þ  V ðNt ðhÞÞ ¼
6

Ct1s Nt ðhÞ1þf

:
1s
1þf

The assumption of complete markets guarantees that consumption is equated across households.

ð6Þ
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The ﬁrst-order necessary conditions for consumption allocation and intertemporal
optimization are standard:
PH;t CH;t ¼ ð1  gÞPt Ct ;

ð7Þ

PF;t CF;t ¼ gPt Ct ;

ð8Þ

bðCtþ1 =Ct Þs ðPt =Ptþ1 Þ ¼ Qt;tþ1 :

ð9Þ

Let Rt denote the gross nominal yield on a one-period discount bond. Then by
taking the expectation of each side of Eq. (9) we obtain the following Euler equation:
1 ¼ bRt Et fðCtþ1 =Ct Þs ðPt =Ptþ1 Þg;

ð10Þ

where R1
t ¼ Et fQt;tþ1 g is the price of the discount bond.
The ﬁrst-order condition for labor supply reﬂects the household’s market power
Wt ðhÞ
¼ ð1 þ mwt ÞNt ðhÞf Cts ;
Pt

ð11Þ

where mwt ¼ 1=ðZt  1Þ is the optimal wage markup. In contrast to Erceg et al. (2000),
wages are perfectly ﬂexible, implying the absence of any endogenous variation in the
wage markup resulting from wage rigidities. On the other hand, we allow for
exogenous variation in the wage markup arising from shifts in Zt ; interpretable as
exogenous variation in workers’ market power.7 Note that because wages are
ﬂexible, all workers will charge the same wage and have the same level of hours. Thus
we can write
Wt ðhÞ ¼ Wt ;
Nt ðhÞ ¼ Nt

ð12Þ

for all hA½0; 1  g and all t:
A symmetric set of ﬁrst-order conditions holds for citizens of the foreign country.
In particular, given the international tradability of state-contingent securities, the
intertemporal efﬁciency condition can be written as:

bðCtþ1
=Ct Þs ðPt =Ptþ1 ÞðEt =Etþ1 Þ ¼ Qt;tþ1 :

ð13Þ

The law of one price, which implies Pt ¼ Et Pt for all t; in conjunction with Eqs. (13)
and (9), and a suitable normalization of initial conditions, yields:
Ct ¼ Ct

ð14Þ

for all t:8
7
To be clear, we assume exogenous variation in the wage markup only for simplicity. In our view this
approach provides a convenient way to obtain some of the insights that arise when there is an endogenous
markup due to wage rigidity.
8
As in Corsetti and Pesenti (2001a), Benigno and Benigno (2000), the complete asset market equilibrium
can be achieved in a simple asset market in which only nominal bonds are traded.
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2.2. Firms
2.2.1. Final goods
Each ﬁnal goods ﬁrm in the home country uses a continuum of intermediate goods
to produce output, according to the following CES technology:
Z 1
x=ðx1Þ
Yt ¼
Yt ðf Þðx1Þ=x df
ð15Þ
0

where Yt denotes aggregate output, while Yt ðf Þ is the input produced by intermediate
goods ﬁrm f : Both variables are normalized by population size 1  g; i.e., they are
expressed in per capita terms. Proﬁt maximization, taking the price of the ﬁnal good
PH;t as given, implies the set of demand equations:


PH;t ðf Þ x
Yt
ð16Þ
Yt ðf Þ ¼
PH;t
as well as the domestic price index
Z 1
1=ð1xÞ
1x
PH;t ¼
PH;t ðf Þ df

ð17Þ

0

2.2.2. Intermediate goods
Each intermediate goods ﬁrm produces output using a technology that is linear in
labor input, Nt ðf Þ (also normalized by population size), as follows:
Yt ðf Þ ¼ At Nt ðf Þ;

ð18Þ

where At is an exogenous technology parameter. The labor used by each ﬁrm is a
CES composite of individual household labor, as follows:

Zt =ðZt 1Þ
Z 1g
1
Nt ðf Þ ¼
Nt ðhÞðZt 1Þ=Zt dh
:
ð19Þ
1g 0
Aggregating across optimizing intermediate goods ﬁrms yields the market demand
curve for household labor given by Eq. (5), where the technological parameter Zt is
the wage elasticity of hours demand. Because in equilibrium each household charges
the same wage and supplies the same number of hours, we can treat the ﬁrm’s
decision problem over total labor demand as just involving the aggregates Nt ðf Þ and
Wt : We also assume that each ﬁrm receives a subsidy of t percent of its wage bill.
In addition, intermediate goods ﬁrms set prices on a staggered basis as in Calvo
(1983), where y is the probability a ﬁrm keeps its price ﬁxed in a given period and
1  y is the probability it changes it, where probability draws are i.i.d. over time.
Firms that do not adjust their price simply adjust output to meet demand (assuming
they operate in a region with a non-negative net markup.) In either case, choosing
labor to minimize costs conditional on output yields:
MCt ¼

ð1  tÞðWt =PH;t Þ ð1  tÞðWt =Pt ÞStg
¼
;
At
kAt

ð20Þ
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where MCt denotes the real marginal cost. Observe that, given the constant returns
technology and the aggregate nature of shocks, real marginal cost is the same across
ﬁrms.
Firms that are able to choose their price optimally in period t choose the reset
price P0H;t to maximize the following objective:
N
X
yj Qt;tþj Ytþj ðf ÞðP0H;t þ PH;tþj MCtþj Þ
ð21Þ
Et
j¼0

subject to the demand curve (16). The solution to this problem implies that ﬁrms set
their price equal to a discounted stream of expected future nominal marginal cost
N
X
Et
yj Qt;tþj Ytþj ðf ÞðP0H;t  ð1 þ mp ÞPH;tþj MCtþj Þ ¼ 0:
ð22Þ
j¼0

Note that if a ﬁrm was able to freely adjust its price each period, it will choose a
constant markup over marginal cost, i.e., y ¼ 0 implies
P0H;t
¼ ð1 þ mp ÞMCt :
PH;t

ð23Þ

Finally, the law of large number implies that the domestic price index evolves
according to
PH;t ¼ ½yðPH;t1 Þ1x þ ð1  yÞðP0H;t Þ1x 1=ð1xÞ :

ð24Þ

3. Equilibrium
We begin by characterizing the equilibrium conditional on output. How the model
is closed depends on the behavior of prices and monetary policy. We ﬁrst
characterize the ﬂexible price equilibrium, for which an exact solution is available,
and then turn to the case of staggered price setting, for which an approximate
solution is available.
Goods market clearing in the home and foreign countries implies

ð1  gÞYt ¼ ð1  gÞCH;t þ gCH;t
;

ð25Þ


:
gYt ¼ ð1  gÞCF;t þ gCF;t

ð26Þ

The demand curves for home and foreign goods by home citizens, Eqs. (7) and (8),
respectively, along with the analogues for foreign citizens and the law of one price
imply that the c.p.i.-based real exchange rate is unity:9
et Pt
¼ 1:
Pt
9

ð27Þ

Note that we assume producer currency pricing and complete pass-through. Devereux and Engel
(2001), among others, have emphasized the role of local currency pricing.
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It then follows (after also taking into account Eqs. (25) and (26)) that the trade
balance is zero within each country
PH;t Yt ¼ Pt Ct ;

ð28Þ

PF;t Yt ¼ Pt Ct :

ð29Þ

In turn, combining Eqs. (2) and (28) implies an aggregate demand schedule that
relates domestic per capita output, per capita consumption, and the terms of trade,
St  PF;t =PH;t ; as follows:
Yt ¼ k1 Ct Stg

ð30Þ

Yt
:
Yt

ð31Þ

with
St ¼

Observe that Eqs. (30) and (31) and the consumption Euler Eq. (10) determine
domestic output demand, conditional on foreign output and the path of the real
interest. In addition, (30) and (31) can be combined to yield an expression for
consumption as a function of domestic and foreign output:
Ct ¼ kðYt Þ1g ðYt Þg :

ð32Þ

On the supply side, notice that
Z 1
Z
Yt 1
Nt ¼
Nt ðf Þ df ¼
ðYt ðf Þ=Yt Þ df
At 0
0
and (16) can be combined to yield the aggregate production function
At Nt
Yt ¼
;
Vt

ð33Þ

where
Vt 

Z 1
0

Pt ðf Þ
Pt

x
df X1:

Combining the labor supply and demand relations, Eqs. (11) and (20) respectively,
and then using the aggregate demand schedule (30) and the aggregate production
function (33) to eliminate Ct and Nt yields the following expression for real marginal
cost:
MCt ¼ ð1  tÞ ð1 þ mwt Þ

k1 Ntf Cts Stg
At

¼ ð1  tÞks1 ð1 þ mwt ÞAtð1þfÞ Ytk ðYt Þk0 Vtf ;

ð34Þ
ð35Þ

where k and k0 are the elasticities of marginal cost with respect to domestic and
foreign output, given by
k  sð1  gÞ þ g þ f ¼ s þ f  k0

ð36Þ
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and
k0  sg  g ¼ gðs  1Þ:

ð37Þ

As will become clear, the implications of international considerations for
monetary policy within this framework depend critically on how the open economy
affects the behavior of marginal cost, as summarized by the behavior of the two key
elasticities, k and k0 : Note ﬁrst that the sign of k0 ; the elasticity of marginal cost with
respect to foreign output, is ambiguous. There are two effects of a change in Yt on
MCt that work in opposite directions: A rise in Yt causes the terms of trade to
appreciate which, holding constant domestic consumption, reduces marginal cost, as
Eq. (35) suggests, and as reﬂected by the term g in (37). At the same time, however,
holding constant domestic output, the increase in Yt raises domestic consumption
due to risk sharing, leading to an increase in marginal cost (since the rise in Ct
increases the marginal rate of substitution between consumption and leisure). The
latter wealth effect, captured by the term sg in (37), dominates the terms of trade
effect if s > 1 (implying k0 > 0); and vice versa if so1 (implying k0 o0).
In turn, the impact of the open economy on k; the elasticity of marginal cost with
respect to domestic output, depends inversely on k0 : An increase in Yt ; for example,
causes a depreciation in the terms of trade, raising MCt : That effect is captured by
the term g in (36). Due to risk sharing, however, consumption increases by
proportionately less than the increase in domestic output, which works to dampen
the increase in marginal cost (relative to the closed economy), as reﬂected by the term
sð1  gÞ in (36). Finally, there is a third channel, also found in the closed economy,
through which domestic output variations affect marginal cost, and which works
through the effect on employment and the disutility of labor, as captured by the term
f: In the end, whether openness increases or decreases the elasticity of marginal cost
with respect to domestic output (relative to the closed economy) depends on the size
of s: Again, the wealth effect dominates the terms of trade effect when s > 1;
implying k0 > 0: In this instance, the open economy’s aggregate marginal cost
schedule is ﬂatter than its closed economy counterpart (i.e., since k0 > 0; k is below
its value for a closed economy (given by s þ f), holding constant the preference
parameters s and f:
We emphasize that in the knife-edge case of logarithmic utility (s ¼ 1), the terms
of trade and risk sharing effects cancel. In this instance, there are no direct effects of
the open economy on marginal cost: k0 ¼ 0 and k ¼ s þ f; exactly as for a closed
economy.
To summarize, we have characterized the values of Ct ; St ; MCt and Nt conditioned
on Yt ; Vt (which captures the dispersion of output across ﬁrms) and Yt : An analogous
set of relations for the foreign country determines Ct ; St ð¼ St1 Þ; MCt  and Nt conditional on Yt ; Vt and Yt : How we close the model depends on the behavior of prices.
3.1. Equilibrium under flexible prices
We consider an equilibrium with ﬂexible prices where the wage markup is ﬁxed at
its steady-state value 1 þ mw : We focus on this case because we would like to deﬁne a
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measure of the natural level of output that has the feature that cyclical ﬂuctuations in
this construct do not reﬂect variations in the degree of efﬁciency (hence we shut off
variation in the wage markup). This approach also makes sense if we think of
variations in the wage markup as standing in for wage rigidity.
In addition, we make the distinction between the equilibrium that arises when
prices are ﬂexible at home, taking foreign output as given, and the one that arises
when prices are ﬂexible across the globe. We refer to the former as the ‘‘domestic
ﬂexible price equilibrium’’ and the latter as (just) the ‘‘ﬂexible price equilibrium’’.
The distinction between these two concepts becomes highly relevant when we
compare the Nash versus cooperative equilibria.
3.1.1. The domestic flexible price equilibrium
Let a variable with an upper bar (e.g., X% t ) denote its value when prices are ﬂexible
at home, but foreign output is taken as exogenously given (independently of how it is
determined). We proceed to characterize the domestic ﬂexible price equilibrium, as
follows.
Under ﬂexible prices, all ﬁrms set their price equal to a constant markup over
marginal cost, as implied by condition (23). Symmetry, further, implies that all ﬁrms
choose the same price. Imposing the restriction P0H;t =PH;t ¼ 1 on Eq. (23) implies
that in the ﬂexible price equilibrium, real marginal cost is constant and given by
MC ¼

1
;
1 þ mp

ð38Þ

where we use the bar to denote the domestic ﬂexible price equilibrium value of a
variable. Symmetry of prices further implies that all ﬁrms choose the same level of
output, inducing V% t ¼ 1: Hence, from Eq. (33),
Y% t ¼ At N% t :

ð39Þ

Furthermore, using the fact that MC t ¼ ð1 þ mp Þ1 and ﬁxing the wage markup at
its steady state then permits us to use Eq. (35) to solve for the natural level of output
in the domestic ﬂexible price equilibrium
!1=k
 k0
k1s A1þf
ðY
Þ
t
t
Y% t ¼
:
ð40Þ
ð1  tÞð1 þ mw Þð1 þ mp Þ
Note that the impact of foreign output Yt on Y% t depends on the sign of k0 : If
k0 o0 (implying that MCt is decreasing in foreign output Yt ), then Y% t varies
positively with Yt ; and vice versa if k0 > 0: With k0 ¼ 0; Y% t depends only on
domestic economic factors.
3.1.2. Flexible price equilibrium
We obtained the domestic natural level of output, Y% t ; by taking foreign output as
exogenously given. As we discussed earlier, it is also useful to deﬁne the natural level
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%% t ; that arises when prices are ﬂexible worldwide:
of output, Y
!
!1=k
%%  Þk0
%%  k0 =k
k1s A1þf
ðY
Y
t
t
t
%
¼ Y% t
Y% t ¼
ð1  tÞð1 þ mw Þð1 þ mp Þ
Yt

889

ð41Þ

3.2. Equilibrium dynamics under sticky prices
We now express the system with sticky prices as a loglinear approximation about
the steady state that determines behavior conditional on a path for the nominal
interest rate. We use lower case variables to denote log deviations from the
deterministic steady state.
From Eq. (30), aggregate demand is given by
yt ¼ ct þ gst ;

ð42Þ

where, from the Euler Eq. (10), aggregate consumption evolves according to
1
ct ¼ Et fctþ1 g  ðrt  Et fptþ1 g  gEt fDstþ1 gÞ;
ð43Þ
s
where rt is the nominal rate of interest, ptþ1 is the rate of domestic inﬂation from t to
t þ 1 and where, from Eq. (31), the terms of trade is given by
st ¼ yt  yt :

ð44Þ

On the supply side, the ﬁrst-order approximation to the aggregate production
function (33) implies
yt ¼ at þ nt :

ð45Þ

Further, combining the loglinearized optimal price setting rule (22) with the price
index (24) yields
pt ¼ dmct þ bEt fptþ1 g;

ð46Þ

where d ¼ ½ð1  yÞð1  byÞ=y: Let y* t ¼ yt  y% t denote the domestic output gap, i.e.,
the gap between output and the domestic natural level. Then from the loglinearized
version of the expression for marginal cost (35) and the production function (45), we
obtain10
mct ¼ ky* t þ mwt ;

ð47Þ

where from Eq. (40):
y% t ¼ k1 ½ð1 þ fÞat  k0 yt :

ð48Þ

It is straightforward to collapse the system into an IS and Phillips-type equations
that determine y* t and pt conditional on the path of rt :
y* t ¼ Et fy* tþ1 g  s1
0 ½rt  Et fptþ1 g  rrt 
10

ko yt

ð49Þ

From the loglinearized version of the expression for marginal cost (35), we obtain mct ¼ mwt þ kyt þ
 ð1 þ fÞat : Combining this expression with Eq. (48) then yields Eq. (47).

890
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pt ¼ bEt fptþ1 g þ ly* t þ ut

ð50Þ

with s0 ¼ s  k0 ; l ¼ dk; and ut ¼ dm# w
t ; and where rrt is the domestic natural real
interest rate (conditional on foreign output), given by
rrt ¼ s0 Et fDy% tþ1 g þ k0 Et fDytþ1 g:

ð51Þ
s0

¼ s  k0 ;
An analogous set of equations holds for the foreign country, with





k0 ¼ ð1  gÞðs  1Þ; k ¼ s0 þ f; and l ¼ dk : In addition, we assume that the ‘‘cost
push shock’’ ut obeys the following stationary ﬁrst-order process:
ut ¼ rut1 þ et

ð52Þ

with 0oro1; and where et is white noise.
As discussed in Clarida et al. (2001) and Gal!ı and Monacelli (1999) for the case of
a small open economy, the form of the system is isomorphic to that of the closed
economy. Open economy effects enter in two ways: ﬁrst, through the impact of the
parameter s0 which affects both the interest elasticity of domestic demand (equal to
s1
0 ) and the slope coefﬁcient on the output gap l ¼ dk; and, second, via the impact
of foreign output on the natural real interest rate and natural output levels. In the
special case of log utility (implying s0 ¼ s and k0 ¼ 0), the open economy effects
disappear and the system becomes identical to that of a closed economy.
Finally, we obtain a simple expression linking the terms of trade to movements in
the output gap:
st ¼ ðy* t  y* t Þ þ ðy% t  y% t Þ ¼ ðy* t  y* t Þ þ s%t ;

ð53Þ

where s%t is the natural level of the terms of trade.

4. Welfare and optimal policy: the non-cooperative case
In this section we analyze the problem of a domestic central bank that seeks to
maximize the utility of domestic households, while taking as given foreign economic
activity. We assume that the ﬁscal authority chooses a subsidy rate that makes the
natural level of output correspond to the efﬁcient level in a zero inﬂation steady
state. In particular, we assume that the ﬁscal authority chooses a subsidy rate t that
maximizes the utility of the domestic household in a zero inﬂation steady state (i.e.,
in the absence of cost-push shocks), while taking as given foreign variables. As
shown in the appendix, the subsidy must satisfy
ð1  tÞ ð1 þ mw Þ ð1 þ mp Þ ð1  gÞ ¼ 1

ð54Þ

and for the foreign country
ð1  t Þ ð1 þ mw Þ ð1 þ mp Þg ¼ 1:

ð55Þ

Note that the subsidy does not simply offset the steady-state price and wage
markups. Roughly speaking, the ﬁscal authority must balance the desirability of
offsetting the inefﬁciencies from the steady-state price and wage markups, against
the need to eliminate the central bank’s incentive to generate an unanticipated
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deﬂation. As discussed by Corsetti and Pesenti (2000a), in the non-cooperative case,
a central bank may be tempted to produce a surprise currency appreciation. In turn,
Benigno and Benigno (2001) show that in this case, the optimal subsidy allows for a
positive steady-state markup distortion that creates an incentive for unanticipated
inﬂation that exactly offsets the incentive for a surprise deﬂation. We refer to the
resulting steady state as the Nash steady state.
As we show in the appendix, to derive the central bank’s objective function, we
take second-order approximation of the utility of the representative household
around the domestic ﬂexible price equilibrium. After an appropriate normalization,
we obtain the following quadratic objective, where the welfare loss from a deviation
from the optimum is expressed as a fraction of steady-state consumption:
N
L X
WH  ð1  gÞ E0
bt ½p2t þ ay* 2t 
2 t¼0

ð56Þ

with L  x=d and a  kd=x ¼ l=x: (Recall that x is the price elasticity of demand for
intermediate goods (see Eq. (16)).
Given that the home central bank takes foreign output as exogenous, the objective
function is of the same form as that for a closed economy. In particular, the central
bank minimizes a loss function that is quadratic in the domestic output gap and
domestic inﬂation, with a weight a on the output gap. It is worth noting that the
relevant inﬂation variable is domestic inﬂation, as opposed to overall c.p.i.
inﬂation.11 In particular, the parameter a differs from the closed economy
counterpart only to the extent s0 differs from s: Otherwise, the objective function
(including the underlying parametric speciﬁcation of a) is identical to the one that
would arise in the closed economy.
Given that the IS and AS curves also have the same form as in the closed
economy, the overall policy problem is completely isomorphic to the closed
economy, as we found in Clarida et al. (2001). Here we focus on the case in which the
central bank lacks a commitment technology that would allow it to choose credibly,
once and for all, an optimal state-contingent plan.12 Instead we assume the central
bank will choose y* t and pt each period to maximize Eq. (56) subject to the aggregate
supply curve given by Eq. (50), taking expectations of the future as given.
The solution satisﬁes:
l
y* t ¼  pt
a

ð57Þ

¼ xpt :

ð58Þ

11
See, e.g., Woodford (1999). As in the closed economy, the presence of domestic inﬂation in the
objective function reﬂects the costs of resource misallocation due to relative price dispersion, where the
latter is approximately proportionate to inﬂation. Note that if there were pricing to market, with sticky
prices in the ﬁnal traded goods sector, then a measure of c.p.i. inﬂation would instead enter the objective
function. The same would be true if trade were in intermediate goods, with ﬁnal goods prices sticky, as in
McCallum and Nelson (1999).
12
The same assumption applies to both central banks jointly in the cooperative case considered below.
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Substituting this optimality condition into (50) and solving forward yields the
following reduced form solutions for the domestic inﬂation and the domestic output
gap in terms of the cost push shock:
pt ¼ cut ;

ð59Þ

y* t ¼ xcut ;

ð60Þ
1

where c  ½ð1  brÞ þ lx > 0 (recall that r reﬂects the serial correlation in the ut
shock). Similar expressions hold for the foreign economy.
Several points are worth emphasizing. First, the policy response is identical in
form to the closed economy case (see Clarida et al., 1999). There is a lean against the
wind response to domestic inﬂation, as suggested by the optimality condition given
by (57). In addition, in the absence of cost push shocks the central bank is able to
simultaneously maintain price stability and close the output gap. Otherwise, a cost
push shock generates a tradeoff between the output gap and inﬂation of the same
form that applies for the closed economy. Interestingly, openness does not affect the
optimality condition that dictates how aggressively the central bank should adjust
the output gap in response to deviations of inﬂation from target.13 Further, openness
affects the reduced form elasticity of pt and y* t with respect to the cost push shock
only to the extent it affects the slope of the Phillips curve, l; through its impact on
the elasticity of marginal cost with respect to output, k; as discussed above. Finally,
we observe that while pt and y* t may be insulated from foreign disturbances, the
overall level of domestic output will depend on foreign shocks, since the domestic
natural level of output depends on foreign output (via the terms of trade and
consumption), as Eq. (48) makes clear.
We may combine the IS curve (49) with the solutions for y* t and pt to obtain an
expression for an interest rate rule that implements this policy:14
rt ¼ rrt þ WEt fptþ1 g

ð61Þ

with
W¼1þ

xs0 ð1  rÞ
> 1:
r

As in the case of the closed economy, the optimal rule may be expressed as the sum
of two components: the domestic natural real interest rate, and a term that has the
central bank adjust the nominal rate more than one for one with respect to domestic
inﬂation. Openness affects the slope coefﬁcient only to the extent it affects the
interest elasticity of domestic spending, given by s0 : Note also that the terms of trade
13
This result arises from our explicit derivation of the weight a; which yields a restriction on the ratio
l=a which governs the optimal adjustment of the output gap to inﬂation. In particular, l=a ¼ x which does
not depend on openness. The rough intuition for why the optimal policy becomes more aggressive in
combating inﬂation as x rises is that the costs of resource misallocation from relative price dispersion
depends on the elasticity of demand.
14
This is one among many possible representations of an interest rate rule that would implement the
time-consistent policy under the Nash case considered here.
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does not enter the rule directly, but rather does so indirectly via its impact on the
domestic equilibrium real rate.
To summarize, we have
Proposition 1. In the Nash equilibrium, the policy problem a country faces is
isomorphic to the one it would face if it were a closed economy. As in the case of a
closed economy, the optimal policy rule under discretion may be expressed as a
Taylor rule that is linear in the domestic natural real interest rate and expected
domestic inﬂation. Open economy considerations affect the slope coefﬁcient on
domestic inﬂation in the rule, as well as the behavior of the domestic natural real
interest rate.
Finally, there are some interesting implications for the behavior of the terms of
trade and the nominal exchange rate in the Nash equilibrium. To gain some intuition
we restrict attention to the symmetric case of g ¼ 12 (implying s0 ¼ s0 ). In this
instance
st ¼ oðy* t  y* t Þ þ ðy% t  y% t Þ ¼ oxcðut  ut Þ þ ðat  at Þ:
ð62Þ


1
sþf
1þ
where o ¼
.
2
1þf
The terms of trade depends not only on the relative productivity differentials, but
also on the relative cost push shocks. A positive cost push shock in the home country
induces an appreciation in the terms of trade.
Using the deﬁnition of the terms of trade, we may write
et  et1 þ st  st1 þ pt  pt
¼ et1  oxcðDut  Dut Þ þ ðDat  Dat Þ þ cðut  ut Þ
¼ et1  ðox  1Þcðut  ut Þ þ oxcðut1  ut1 Þ þ ðDat  Dat Þ:

ð63Þ

Notice that, in general, the nominal exchange rate should respond to relative
differences in cost push shocks, in addition to the productivity shocks. Given that
ox > 1; a country that experiences a relatively high cost-push shock should engineer
a short run appreciation of its currency, followed by an eventual permanent
depreciation. The initial appreciation is a consequence of the terms of trade
appreciation resulting from the contraction in the output gap that is needed to
dampen inﬂationary pressures. The eventual depreciation to a permanently lower
plateau results from the permanent effect of the shock on the domestic price level,
which has a unit root under the optimal time consistent policy. Notice that it is also
not optimal to peg the exchange rate in response to relative productivity shocks: the
adjustment of the exchange rate makes it possible to fully avoid a change in inﬂation
that would be costly from a welfare standpoint.
It is also interesting to observe that the nominal exchange rate is non-stationary in
this instance. This result obtains because each central bank is operating under
discretion, which implies that inﬂation targeting is optimal within this kind of
framework (see CGG, 1999). The latter property results in a non-stationary price
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level. Under commitment, price level targeting would be optimal for this type of
environment. In that instance, and so long as both central banks optimize under
commitment, the nominal exchange rate would be stationary.

5. The cooperative equilibrium
Next we consider optimal policy under cooperation. We assume that the two
central banks agree to pursue a policy that maximizes a weighted average of the
utilities of home and foreign households, with weights determined by the relative size
of the two economies. Whereas under Nash, each central bank designs an optimal
policy taking the other country’s economy as given, in this case there is explicit
coordination. As we show further, any gains from policy coordination stem from the
effects of foreign economic activity on domestic marginal cost of production.
Since there is complete consumption insurance, the period utility function relevant
to the policy maker is the following:
UðCt Þ  ð1  gÞV ðNt Þ  gV ðNt Þ:

ð64Þ

We also assume that both economies jointly choose the employment subsidy that
maximizes this objective function in the steady state. Under cooperation, each
central bank refrains from creating a surprise currency appreciation that might
otherwise be tempting under Nash. As a consequence, as we show in the appendix,
each economy will set the subsidy at a level that exactly offsets the distortions
associated with market power in goods and labor markets. More speciﬁcally, the
common subsidy t will satisfy the following condition:
ð1  tÞ ð1 þ mw Þ ð1 þ mp Þ ¼ 1:

ð65Þ

Given that the steady-state markups are the same across countries, each ﬁscal
authority will choose the same subsidy. It is important to note that with this subsidy
in place, the equilibrium allocation under globally ﬂexible prices and no wage
markup shocks is optimal. We refer to the equilibrium as the cooperative steady
state.
It is convenient to deﬁne the output gap, y** t ; as the percent deviation of output from
the level that would arise under globally ﬂexible prices and no wage markup shocks,
i.e., the level of output that corresponds to the cooperative steady state. We
emphasize that y** t is distinct from the domestic output gap, y* t ; which is the percent
deviation of output that would arise when domestic prices are ﬂexible, but taking
foreign output as given (along with no wage markup shocks), i.e., the level of output
in the Nash steady state. It follows from Eq. (41) that y** t is related to y* t ; as follows:
k0
ð66Þ
y** t ¼ y* t  y** t :
k
Observe that if foreign output does not affect domestic marginal cost (i.e., k0 ¼ 0),
then the distinction between the two gap concepts vanishes.
As we show in the appendix, given the deﬁnition of y** t ; a second-order
approximation to the objective function around the socially optimal (cooperative)
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steady state takes the form:
N
X
1
 * 2
bt ½ð1  gÞðp2t þ aðy** t Þ2 Þ þ gðp2
* t Þ Þ  2Fy** t y** t 
WC   LE0
t þ a ðy
2
t¼0

895

ð67Þ

with L ¼ x=d; a ¼ l=x; a ¼ l =x and
dð1  sÞgð1  gÞ
;
F
x
where, as in the noncooperative case, losses due to deviations from the steady state
are measured in terms of percentages of steady-state consumption.
Combining Eqs. (50) and (66), as well as the analog equations for the foreign
country, permits us to express the respective aggregate supply curves in terms of the
home and foreign output gaps, as follows:
pt ¼ bEt fptþ1 g þ ly** t þ l0 y** t þ ut ;
ð68Þ
pt ¼ bEt fptþ1 g þ l y** t þ l0 y** t þ ut ;

ð69Þ

where l0 ¼ dk0 reﬂects the sensitivity of the home country’s domestic inﬂation rate
to the foreign output gap, and l0 ¼ d k0 is the analog for the foreign domestic
inﬂation. Note that the signs of l0 and l0 depend positively on the respective
elasticities of marginal costs with respect to foreign output, k0 and k0 (see Eq. (35)).
For example, if a rise in foreign output reduces domestic marginal cost (k0 o0), then
through this channel, a rise in the foreign output gap will reduce domestic inﬂation.
In the cooperative case we assume that the central banks jointly maximize the
objective given by (67) on a period by period basis, subject to the constraints given
by (68) and (69). In addition, expectations of future inﬂation are taken as given by
the policymakers (in other words we solve for the time consistent, jointly optimal
policy). Hence, as in the Nash case analyzed in the previous section, we assume that
the monetary authorities cannot commit to a state-contingent policy rule that binds
them into the future.
The ﬁrst-order conditions are now:
k0
y** t ¼ xpt  ðy** t þ xpt Þ;
ð70Þ
k


k
y** t ¼ xpt  0 ðy** t þ xpt Þ
k
which can be combined to yield
y** t ¼ xpt ;
y** t ¼ xpt :

ð71Þ

ð72Þ
ð73Þ

Under cooperation, each central bank adjusts the output gap to counter deviations
of domestic inﬂation from target. Indeed, the optimality conditions are identical to
the Nash case (Eq. (57)), but with the output gaps y** t and y** t replacing the domestic
output gaps y* t and y* t : This distinction emerges for the following reason: When
evaluating the tradeoff between output and inﬂation, the central bank uses as the
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bliss point for output the natural level under globally ﬂexible prices as opposed to the
domestic natural level, since under cooperation it does not take foreign output as
given. Further, because the aggregate supply curve is unchanged as are the relative
weights on domestic inﬂation in the loss function (a and a), the slope coefﬁcient x
remains the same across the Nash and cooperative cases.
To gain some further perspective on how the solution under cooperation differs
from the Nash case, we can use Eq. (66) to rewrite the optimality conditions in terms
of the domestic output gaps as follows:

k0 
y* t ¼ x pt þ pt ;
ð74Þ
k


k
ð75Þ
y* t ¼ x pt þ 0 pt :
k
In contrast to the Nash policy-maker, in setting the domestic output gap, the
cooperative policy-maker takes into account foreign inﬂation as well as home
inﬂation. The weight on foreign inﬂation, further, depends on the sign and relative
strength of the spillover of the foreign output gap on domestic marginal cost
measured by the ratio k0 =k:
Suppose, for example, that there is a rise in foreign inﬂation, pt : Under the
optimal policy the foreign central bank contracts its output gap, y** t ; which in turn
affects the home country’s domestic output gap, y* t ; according to Eq. (66). If the
spillover is negative (i.e., the terms of trade effect dominates, implying k0 o0), the
contraction in foreign output reduces the home country’s domestic natural level of
output, implying an increase in y* t : If there are no domestic inﬂationary pressures
(i.e., pt ¼ 0), it is optimal under cooperation for the home central bank to accept the
increase in y* t in order to keep the overall output gap, y** t ; ﬁxed at zero. By contrast,
under Nash, the central bank instead insulates the domestic output gap, y* t ; from
foreign inﬂation.
Under the cooperative equilibrium, accordingly, inﬂationary pressures generated by
cost push shocks can spill over from one country to another. In the symmetric
equilibrium, the reduced form expressions for home and foreign inﬂation are given by
% c½c1 ut  k0 dxut ; pt ¼ c% c½c1 ut  k0 dxut 
pt ¼ c
ð76Þ
%
%
with c% ¼ ½1  br þ xðl  l0 Þ1 and c ¼ ½1  br þ xðl  l0 Þ1 ; and where, as
before, c ¼ ½1  br þ xl1 : In the case% of negative spillovers (k0 o0), for example,
a rise in the foreign cost push shock, ut ; leads to an increase in domestic inﬂation, pt :
This ‘‘importing’’ of inﬂation is a consequence of permitting a rise in the domestic
output gap, y* t ; and hence domestic marginal cost as the optimal policy under
cooperation dictates in this case. Under Nash, in contrast, inﬂationary pressures do
not spill over across countries.
In general, as long as the marginal cost spillover is present (i.e., k0 a0), the
equilibrium under cooperation differs from the Nash equilibrium, implying potential
gains from policy coordination. Note that in the absence of the spillover (i.e., k0 ¼ 0)
the domestic output gap responds to inﬂation exactly as in the Nash case, as
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Eqs. (72) and (74) suggest. In turn, domestic inﬂation in this case is identical to the
Nash case, as Eq. (76) implies (keeping in mind that l0 ¼ dk0 ).
From Eq. (37), we know that k0 a0 iff sa1; i.e., if preferences over consumption
are not logarithmic. Thus we have
Proposition 2. There will be a gain to monetary policy cooperation unless s ¼ 1:
We emphasize again that the potential gains come from the spillover of foreign
economic activity on domestic marginal cost. This contrasts with Corsetti et al.
(2001a, b), who assume s ¼ 1; but allow for imperfect exchange rate pass-through. In
the special case of their model that features complete pass-through, they also ﬁnd no
gain to monetary policy cooperation.
Finally, we can derive some implications for the behavior of the nominal interest
rate and the real exchange rate under cooperation. Combining the optimality
condition (74) with the IS curve (49) yields
k0
rt ¼ rrdt þ WEt ptþ1 þ ðW  1ÞEt ptþ1
k
k0
nash
¼ rt þ ðW  1ÞEt ptþ1 :
ð77Þ
k
Thus, we have
Proposition 3. Optimal policy in the cooperative equilibrium can be written as a
Taylor rule which is linear in the equilibrium real interest rate, domestic inﬂation,
and foreign inﬂation.
With k0 o0; for example, as we noted earlier, it was optimal for the central bank to
permit to domestic output gap to rise in response to an increase in foreign inﬂation.
This suggests that, in response to a rise in foreign inﬂation, the central bank should
increase the interest by less relative to the Nash case. The reverse is true, of course, if
k0 > 0:
Finally, in the symmetric case, the terms of trade and the nominal exchange rate
are given by
st ¼ ðy** t  y** t Þ þ ðy% t  y% t Þ
% cðc1 þ k0 dxÞðut  ut Þ þ ðat  at Þ;
¼ xc
%
et  et1 þ st  st1 þ pt  pt ;

ð78Þ
ð79Þ

% cðc1 þ k0 dxÞðut  ut Þ
¼ et1  ðx  1Þc
%
þ xc% cðc1 þ k0 dxÞðut1  ut1 Þ þ ðDat  Dat Þ:
ð80Þ
%
Note that the expressions are the same as in the Nash case, except that the
sensitivity of both st and et to cost push shocks differs, in general, under cooperation,
depending on the sign and magnitude of the spillover parameter, k0 : Interestingly,
the impact of relative productivity shocks on terms of trade and exchange rate
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variability is the same as under Nash, reﬂecting the fact that these shocks do not
force a tradeoff between output gap and inﬂation stabilization. In either case,
accordingly, under cooperation the nominal exchange rate should be free to vary in
response to both relative cost push shocks and relative productivity shocks. Thus we
have
Proposition 4. Under cooperation, a system of ﬂoating exchange rates is optimal.
The marginal cost spillover affects the sensitivity of the exchange rate to relative cost
push pressures, but it does not affect the sensitivity to relative productivity shocks.
Finally, we note that it is possible to explicitly calculate the gain from policy
coordination by evaluating the loss function (67) under the cooperative equilibrium
and Nash equilibrium values of pt and y** t : Since a serious model calibration is beyond
the scope of this paper, we save this exercise for subsequent research. We only
observe here, that to ﬁnd a quantitatively important gain from coordination within
this framework, at a minimum, there must be a nontrivial spillover effect of foreign
output on domestic marginal cost, as measured by the ratio k0 =k:

6. Concluding remarks
A virtue of our framework is that we are able to derive sharp analytical results,
while still allowing each central bank to face a short run tradeoff between output and
inﬂation, in contrast to much of the existing literature. Of course, we obtained these
results by making some strong assumptions. It would be desirable to consider the
implications of relaxing these assumptions, including: allowing for imperfect
consumption risk sharing, pricing-to-market, and trade in intermediate inputs. We
ﬁnd considering the latter particularly interesting, as it would provide an additional
effect of openness on marginal cost, which is the avenue in our model through which
there are gains from cooperation.
Finally, while we have considered gains from cooperation, we have not considered
the gains from commitment that arise in the closed economy variant of our
framework (see, e.g., Clarida et al., 1999; Woodford, 1999). It is straightforward to
allow for commitment, and we expect that doing so will produce some interesting
implications for the behavior of the equilibrium exchange rate.

7. For further reading
The following references may also be of interest to the reader: Benigno, 2001; Betts
and Devereux, 1996; Canzoneri and Henderson, 1986; Gal and Gertler, 1999;
McCallum and Nelson, 2000; Taylor, 2001.
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Appendix. Welfare functions and subsidies for the Nash and cooperative equilibria
Notation preliminaries: variables with upper bars (e.g., Y% t ) denote equilibrium
values under ﬂexible prices at home, for any given value of output and other
macrovariables in the foreign country. Variables with a tilde denote log deviations
from the domestic ﬂexible price equilibrium (e.g., y* t  log ðYt =Y% t Þ). Variables with a
%% t ) denote equilibrium values at home under globally ﬂexible
double upper bar (e.g., Y
prices. Variables with a double tilde denote log deviations from the global ﬂexible
%% t Þ). Finally, a lower case variable without a
price equilibrium (e.g., y** t  log ðYt =Y
superscript denotes the log deviation of that variable from its steady-state value;
hence, e.g., yt  log ðYt =Y Þ:
Below we make frequent use of the following second-order approximation of
percent deviations in terms of log deviations:
Yt  Y
1
¼ yt þ y2t þ oð8a83 Þ;
Y
2
where oð8a8n Þ represents terms that are of order higher than nth, in the bound 8a8
on the amplitude of the relevant shocks.
A.1. Case 1: Non-cooperative case (Nash equilibrium)
In this case the policymaker seeks to maximize the utility of the domestic
representative consumer, taking as given the other country’s policy and outcomes.
Below we derive a second-order approximation of the period utility UðCt Þ  V ðNt Þ
about the steady state associated with the optimal non-cooperative choice of a
subsidy rate. The latter is chosen to maximize UðCÞ  V ðNÞ subject to C ¼
kðNÞ1g ðY  Þg ; while taking Y  parametrically. The associated optimality condition
requires V 0 ðNÞN ¼ U 0 ðCÞCð1  gÞ:
Notice that in the equilibrium steady state (with A ¼ A ¼ 1), we have
V 0 ðNÞ 1 g
k S
U 0 ðCÞ
¼ ð1 þ mw Þ ð1  tÞ ð1  gÞ;

ð1 þ mp Þ1 ¼ MC ¼ ð1 þ mw Þð1  tÞ

where the third equality makes use of the optimality condition derived above, as well
as of (30) (evaluated at the steady state). Hence, the optimal choice of t in the Nash
equilibrium satisﬁes
ð1  tÞ ð1 þ mw Þ ð1 þ mp Þ ð1  gÞ ¼ 1:
We start by approximating the utility of consumption UðCt Þ about the value of
consumption that would prevail under the domestic ﬂexible price equilibrium
allocation, while taking foreign output as given


UðCt Þ ¼ UðC% t Þ þ U 0 ðC% t ÞC% t c*t þ 12ð1  sÞ*c2t þ oð8a83 Þ
¼ UðC% t Þ þ U 0 ðC% t ÞC% t ½ð1  gÞy* t þ 1ð1  sÞð1  gÞ2 y* 2t  þ oð8a83 Þ;
2
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where the second equality follows from (32) in the text, and the fact that foreign
output is taken as given in the non-cooperative case considered here.
Furthermore, linearization of U 0 ðC% t ÞC% t about the steady state implies
U 0 ðC% t ÞC% t ¼ U 0 ðCÞC þ ½U 00 ðCÞC þ U 0 ðCÞC c%t þ oð8a82 Þ
¼ U 0 ðCÞC þ U 0 ðCÞCð1  sÞc%t þ oð8a82 Þ;
where c%t  log C% t =C denotes the percent deviation of ﬂexible price consumption
from its steady-state level.
Combining the expressions above we obtain
UðCt Þ ¼ U 0 ðCÞC½ð1  gÞy* t þ 12ð1  sÞ ð1  gÞ2 y* 2t þ ð1  sÞ ð1  gÞc%t y* t 
þ t:i:p: þ oð8a83 Þ
¼ U 0 ðCÞCð1  gÞ½y* t þ 12ð1  sÞ ð1  gÞy* 2t þ ð1 þ fÞn% t y* t  þ t:i:p: þ oð8a83 Þ;
where the second equality makes use of the equilibrium relationship ð1  sÞc%t ¼
ð1 þ fÞn% t : The latter condition, in turn, can be derived from the ﬁrst-order conditions
of the consumer’s problem, which, together with optimal price setting under ﬂexible
prices imply sc%t þ fn% t þ gs%t ¼ at ; as well as y% t ¼ c%t þ gs%t (where all lower case
variables with an upper bar denote log deviations from steady state)
Similarly, we can approximate the disutility of labor V ðNt Þ about the domestic
ﬂexible price equilibrium as follows:
V ðNt Þ ¼ V ðN% t Þ þ V 0 ðN% t ÞN% t ½n* t þ 12ð1 þ fÞn* 2t  þ oð8a83 Þ:
Furthermore, the term V 0 ðN% t ÞN% t can be approximated about the steady state as
follows:
V 0 ðN% t ÞN% t ¼ V 0 ðNÞN þ ½V 00 ðNÞN þ V 0 ðNÞN n% t þ oð8a82 Þ
¼ V 0 ðNÞN þ V 0 ðNÞNð1 þ fÞn% t þ oð8a82 Þ:
Combining the previous two approximations we obtain
V ðNt Þ ¼ V 0 ðNÞN½n* t þ 12ð1 þ fÞn* 2t þ ð1 þ fÞn% t n* t  þ t:i:p: þ oð8a83 Þ:
It is easy to show that Nt ¼ ðYt =At Þ

R1

0 ðPt ðiÞ=Pt Þ

x

di: Accordingly,

n* t ¼ y* t þ vt ;
where

Z 1
PH;t ðiÞ x
di:
vt  log
PH;t
0
R1
Lemma 1. Let s2p;t  0 ðpH;t ðiÞ  pH;t Þ2 di the cross-sectional dispersion of prices. Up
to a second-order approximation, vt Cðx=2Þs2p;t :
Proof. See Gal!ı and Monacelli (1999).
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From the previous Lemma, it follows that n% t n* t ¼ n% t y* t þ oð8a83 Þ: Thus, we can
rewrite labor disutility as:


x
1þf 2
y* t þ ð1 þ fÞn% t y* t þ t:i:p: þ oð8a83 Þ:
V ðNt Þ ¼ V 0 ðNÞN y* t þ s2p;t þ
2
2
As discussed above, the optimal subsidy under Nash case supports the steady-state
condition V 0 ðNÞN ¼ U 0 ðCÞCð1  gÞ: Ignoring terms that depend exclusively on
foreign variables (and which are taken as given by the domestic policymaker in the
non-cooperative case), allows us to rewite the period utility for the home consumer
as:
UðCt Þ  V ðNt Þ ¼ 12U 0 ðCÞCð1  gÞ½xs2p;t þ ky* 2t  þ t:i:p: þ oð8a83 Þ;
where k  s0 þ f:
Lemma 2.

PN

t¼0

bt s2p;t ¼ 1=d

PN

t¼0

bt p2t ; where d  ð1  yÞð1  byÞ=y:

Proof. Woodford (2001), pp. 22–23.
Collecting all the previous results, we can write the second-order approximation to
the objective function of the home central bank in the non-cooperative case
(expressed as a fraction of steady-state consumption) as
(
)
N
X
ð1  gÞ
þ 2
2
WN  
LE0
b ½pt þ ay* t 
2
t¼0
with L ¼ x=d and a ¼ dk=x ¼ l=x:
It is straightforward to obtain an analogous objective function for the foreign
central bank.
Case 2: Cooperative case
The period utility in the joint objective function to be maximized takes the form:
UðCt Þ  ð1  gÞV ðNt Þ  gV ðNt Þ:
The choice variables include output, employment, and consumption in both
countries, simultaneously. In this joint optimization problem policymakers no
longer take the other country’s variables as given. This interdependence is taken into
account in deriving the second-order approximation to the above objective function,
which is taken about the steady state associated with the optimal cooperative choice
of a subsidy rate. The latter is chosen to maximize the previous objective function to
C ¼ ðNÞ1g ðN  Þg : The associated optimality condition requires and V 0 ðNÞN ¼
U 0 ðCÞC:
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Notice that in the equilibrium steady state (with A ¼ A ¼ 1), we have
ð1 þ mp Þ1 ¼ MC ¼ ð1 þ mw Þ ð1  tÞ

V 0 ðNÞ 1 g
k S ¼ ð1 þ mw Þ ð1  tÞ;
U 0 ðCÞ

where the third equality makes use of the optimality condition derived above, as well
as of (30) (evaluated at the steady state). Hence, the optimal choice of t in the
cooperative equilibrium satisﬁes
ð1  tÞ ð1 þ mw Þ ð1 þ mp Þ ¼ 1:
Recalling that variables with double upper bars denote equilibrium values under
globally ﬂexible prices (and double tildes deviations from the latter), a second-order
approximation of period utility of the home consumer yields
%% t Þ ¼ U 0 ðC
%% t ÞC
%% t ½c**t þ 1ð1  sÞðc**t Þ2  þ oð8a83 Þ
UðCt Þ  UðC
2

%% t ÞC
%% t ½ð1  gÞy** t þ gy**  þ 1ð1  sÞ½ð1  gÞ2 y** 2 þ g2 ðy**  Þ2
¼ U ðC
t
t
t
2

*
*
þ 2ð1  gÞgy* t y* t ;
0

where the second equality follows from (32) in the text.
%% t ÞC
%% t about the steady state implies
Furthermore, linearization of U 0 ðC
%% t ÞC
%% t ¼ U 0 ðCÞC þ ½U 00 ðCÞC þ U 0 ðCÞC c% t þ oð8a82 Þ
U 0 ðC
¼ U 0 ðCÞC þ U 0 ðCÞCð1  sÞc% t þ oð8a82 Þ;
%% t =C denotes the percent deviation of consumption from its steadywhere c% t  log C
state level, in the world ﬂexible price equilibrium.
Hence,
UðCt Þ ¼ U 0 ðCÞCfð1  gÞy** t þ gy** t
þ 12ð1  sÞ½ð1  gÞ2 ðy** t Þ2 þ g2 ðy** t Þ2 þ 2ð1  gÞgy** t y** t 
þ ð1 þ fÞn% t ðð1  gÞy** t þ gy** t Þg þ t:i:p: þ oð8a83 Þ:
Similarly, we have
%% t Þ þ V 0 ðN
%% t ÞN
%% t ½n** t þ 1ð1 þ fÞðn** t Þ2  þ oð8a83 Þ
V ðNt Þ ¼ V ðN
2
which, combined with the approximation around the steady state given by
%% t ÞN
%% t ¼ V 0 ðNÞN þ ½V 00 ðNÞN þ V 0 ðNÞN n% t þ oð8a82 Þ
V 0 ðN
¼ V 0 ðNÞN þ V 0 ðNÞNð1 þ fÞn% t þ oð8a82 Þ
implies
V ðNt Þ ¼ V 0 ðNÞN½n** t þ 12ð1 þ fÞðn** t Þ2 þ ð1 þ fÞn% t n** t  þ t:i:p: þ oð8a83 Þ


x 2
1
2
0
*
*
*
%
¼ V ðNÞN y* t þ sp;t þ ð1 þ fÞðy* t Þ þ ð1 þ fÞnt y* t þ t:i:p: þ oð8a83 Þ:
2
2
A similar expression holds for V ðNt Þ the foreign country.
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Using the second-order approximations derived above and imposing the steadystate (jointly) optimal condition V 0 ðNÞN ¼ U 0 ðCÞC (which is assumed to be
supported by the appropriate common subsidy), allows us to write the (normalized)
period objective as
UðCt Þ  ð1  gÞV ðNt Þ  gV ðNt Þ
U 0 ðCÞC
1g 2
g
½xsp;t þ kðy** t Þ2   ½xs2
¼
þ k ðy** t Þ2 
2
2 p;t
þ ð1  sÞgð1  gÞy** t y** t þ t:i:p: þ oð8a83 Þ:
It follows that we can express the objective function in the cooperative case as
N
X
1
 * 2
WC   LE0
bt ½ð1  gÞðp2t þ aðy** t Þ2 Þ þ gðp2
* t Þ Þ  2Fy** t y** t 
t þ a ðy
2
t¼0

with L ¼ x=d; a ¼ l=x; and a ¼ l =x
F

dð1  sÞgð1  gÞ
;
x

where, as in the noncooperative case, losses due to deviations from the steady state
are measured in terms of percentages of steady-state consumption.
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