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Assumptions
e Perfect competition in goods and labor markets
e Flexible prices and wages
e No capital accumulation
e No fiscal sector

e Closed economy

Outline
e The problem of households and firms

e Equilibrium: money neutrality and the determination of nominal variables
e A model with money in the utility function

e Optimal policy



Households

Representative household solves

max Fy Z B'U (Cy, Ny)
=0
subject to
PC+ QB < By + Wi Ny + D,

for ¢t = 0,1, 2, ...and the solvency constraint
Tlglgo Ei{\¢1(Br/Pr)} >0

where Ay r = BT_tUC,T /U, is the stochastic discount factor.
Optimality conditions
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Specification of utility:

U(Ct, Nt> = {

implied optimality conditions:

01—0_1 Nl-l—(p
: — 15 for o # 1

log C}y — ]ﬁj foro =1
W, .
Ft — Ct thp
Cii




Log-linear versions

Wt — Pt = O0Ct + PNy

L,
Ct = Et{0t+1} — ;(Zt — Et{WtH} — ,0>
where m;, = p; — pi_1, i = —log Q; and p = — log 3
Steady state (zero growth):
1=T+p
implied real rate

Ad-hoc money demand
My — Pt = Ct — Ny



Firms

Representative firm with technology
}/t _ At Ntl—oz
where a; = log A; follows an exogenous process

a
ar = p,ai—1 + &

Profit maximization:
max P t}/; — WtN t
subject to (10), taking the price and wage as given (perfect competition)

Optimality condition:

In log-linear terms
wy — pr = a; — ang + log(1 — «)

(10)



Equilibrium

Goods market clearing

Labor market clearing

Asset market clearing:

Aggregate output:

Yt = C¢

oc + ony = ar — ang + log(1 — «)

Bt:O

re = i — Et{WtJrl}
= p+ O'Et{ACH_l}

Y = ar + (1 — a)ny



Implied equilibrium values for real variables:
ny = wnaa’t + ¢n

Yt = 77Dya,a’?f + wy
't =p— O_wya<1 _ pa)at

W = — Dt
= a; — any + log(1 — «)
— wwaat + ww
l—0o _ log(l—cv) . 1+ ‘
where ¢ — o(1—a)+pta ) ¢n — o(1—a)+p+a ’ wya — 0((1—(&)?(,)0—#@) ) (1)
o+ ) _ (o(1—a)+yp)log(l—«
w — (1 - Oé>¢n ) wwa — o(1— oz)—fgo—i—a ) ww — g(l_og_Hpia

= neutrality: real variables determined independently of monetary policy
— optimal policy: undetermined.
—> specification of monetary policy needed to determine nominal variables



Monetary Policy and Price Level Determination

Example I: An Exogenous Path for the Nominal Interest Rate
’l:t =1+ Ut
where
Uy = PyU—1 + €}

Implied steady state inflation: m =17 — p
Particular case: 1, = 1 for all t.
Using definition of real rate:

Edmia} = i —m

= T+ UV — ?t
Equilibrium inflation:
T =1 — Tp—1 + &

for any {&,} sequence with E{&,.,} = 0 for all ¢.

= nominal indeterminacy



Example II: A Simple Interest Rate Rule
i =p+m+ oo (m—m)+ v
where ¢_ > (0. Combined with definition of real rate:

¢ = BT} +1— v

Ito,. >1,
T = Z Cb;(kH)Et{?tJrk — Ut+k:}
k=0
. 0<1 o pa)wya a 1 v,
— — e
¢7T — Pa ¢7T — Po
It <1,

T = QM1 — -1t v1+§,
for any {¢,} sequence with Ei{&, } =0 for all ¢

—> nominal indeterminacy

—> illustration of the "Taylor principle" requirement



Responses to a monetary policy shock (¢, > 1 case):

0 1
ULy <0
agt ¢7T_p1]

i

Z’;:— o <9
agt ¢7T_pv

amt NPy — 1
R L.

8875 ¢7T — Py
Dy

=0
Oey

Discussion: liquidity effect and price response.



Example III: An Exogenous Path for the Money Supply {m;}

Combining money demand and the definition of the real rate:

n 1
= — | E +— | m:+u
Pt (1 —+ 77) t{ptﬂ} (1 + 77) ! !

where u; = (1 + 1)~ (nry — y;). Solving forward:

k
1 n
= — — | E:4m +u
Dt 1+77/€0(1+77) t{ t-l—k} ¢

k
where 7, = > - (ﬁ) Edupi}

0

= price level determinacy



In terms of money growth rates:

00 k
Dt =my + Z (L> E{Amy} + 1y
— Il+n
Nominal interest rate:
i =1 " (g — (my — pr))

00 k
= 'S (=) E{Amig} +
— I1+n

where u, = n~(u; + v;) is independent of monetary policy.



Ezxample

Assume no real shocks (r; = 1 = 0).

Price response:

= large price response

Nominal interest rate response:

: Pm
1, = Am
: 1+ 77<1 T pm) :

= no liquidity effect



A Model with Money in the Utility Function

Preferences
E f: [U (C My N)
0 — 1y Pt y 4V¢
Budget constraint

PCy+ QiBy + My < By 1+ My 1 + Wi Ny 4+ Dy

with solvency constraint:
A L {Mr(Ar/Pr)} >0

where A; = B, + M,.

Equivalently:
PC+ QA+ (1 —Q)M, < A1+ W,N + D,

Interpretation: 1 —Qr=1—exp{—it} ~i
= opportunity cost of holding money



Optimality Conditions

_Un,t . Wt
Uc,t B Pt
Uct+1 Pt
p— E !
Qt 5 t{ Uc,t PIH—I}
Un, ,
U, f =1 — exp{—is}

9

T'wo cases:

e utility separable in real balances = neutrality

e utility non-separable in real balances = non-neutrality



Utility specification:

where

Note that

U,.=(1-9)X/7C"
Um,t — 19X£/_0 <Mt/Pt)_y
Ui = —Nf



Implied optimality conditions:
Wi

B = NPX7VCy(1—9)!

B Ci1\ (X ([ P
QtﬁEt{( Ci ) ( Xi ) (Pm

Log-linearized money demand equation:
my — Py = ¢ — Ny

where n = 1/[v(exp{i} — 1)] .



Log-linearized labor supply equation:

Wt — Pt

1 1
h — vr(1-p)v
e X = it gyt
Equivalently,
J— kmﬁ(l_%)
where w = T )

Discussion

oct + png + (V — U)(Ct — SUt)
oci+ ong + x(v — o) (¢ — (my — py))

oct + eny +nx(v — o)y

UD€ [0,1) with ky, =

— T4k, (1-5)

Wy — pr = o¢c + pny + wiy

M/P
=




Equilibrium
Labor market clearing:

oc + ony + wiy = ay — ang + log(1 — «)
which combined with aggregate production function:

Yt = wyaat + wyzzt

. w(l-o) _ 1+
where wyz = T o(l—a)teta and wya — o(l—a)+pta




Assessment of size of non-neutralities
Calibration: =099 ;0=1;p=5;a=1/4;v =1/ni "large"

kD Km
~ >0 ; T~ —— <0
1+ k(1 —75) - Yy 8
Monetary base inverse velocity: k,, ~ 0.3 = ¢,; = —0.04

M2 inverse velocity: k,, >~ 3 = ,; = —0.4

= W

= small output effects of monetary policy



Response to monetary policy shocks (a; = 0)

Yy = @(mt — pt)
i =—(1/n)(1 = O)(my — py)

wil—a) 7 €(0,1) (assuming @ > 0)

nlo(l—a)+e+aj+w(l—a

where © =

L .
Yt = Et{yt+1} T (@t — Et{ﬂ-t-i-l} - WEt{AZtH} — ,0)

00 k
7 N+ wl
_ E EA4A
Pt mt—i_?? , - (1 O+ «) t{ mt+k}

_ (a+y)
where A = W(l_a)ing]m(l_a) € [0,1).

Prediction (independent of rule):

persistent money growth = cov(Am, ) > 0 and cov(Am,y) < 0



Optimal Monetary Policy with Money in the Utility Function

Social Planner’s problem

M
Ul d,—,N,
max ( s Pt ) t)
subject to
Ct — AtNtl_@
Optimality conditions:
Un,t —o
— UC’t = (1 — Oé)AtNt
Unt=0
Optimal policy (Friedman rule): 1w =0 for all ¢ .

Intuition

Implied average inflation: T=—p <0



Implementation
it = Q(ri—1 + )
for some ¢ > 1. Combined with the definition of the real rate:
Et{itﬂ} = @iy
whose only stationary solution is 7; = 0 for all ¢.

Implied equilibrium inflation:
T = —Tt—1



