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PRELIMINARY

Abstract

In this paper, we study the optimal choice of public expenditures when there is no way of
committing to future policy and “reputational” mechanisms are not operative. This amounts
to confining our attention to Markov equilibria. The environment is a neoclassical growth
model where consumers derive utility from a public good. This environment gives rise to a
dynamic game between successive governments and the private sector and this game is made
interesting by the presence of a state variable: the capital stock. We characterize equilibria
in terms of an intertemporal first-order condition (a “Generalized Euler Equation”, or GEE)
for the government and we use this condition both to gain insight into the nature of the
equilibrium and as a basis for computation.

The GEE reveals how the government optimally trades off tax wedges over time. It also
allows us to discuss in what sense a current government may be strategically influencing
future governments in their taxation decisions. For a calibrated economy, we find that when
the tax base available to the government is capital income—an inelastic source of funds at any
moment in time—the government still refrains from taxing at high rates in order to smooth
distortions over time. As a result, the economy is far from the mix of public and private
goods that would be optimal in a static context, but the capital stock and production are
high.
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1 Introduction

How should public expenditures be determined over time? We study this question

under the assumption that the government cannot commit to its future policy decisions.

The framework is a canonical one: in an otherwise standard neoclassical growth model,

public goods, which are perfect substitutes with private goods in production, directly

yield utility every period, and the government has access to proportional taxation of

a given tax base. In this paper, we also assume that the government cannot finance

its expenditures with deficits: the government cannot even commit to paying back

loans. (The possibility of deficit finance is an interesting one but we leave it for future

work.) We insist on treating the government as rational and impose a time-consistency

requirement: an allocation in our economy is an equilibrium of a dynamic game played

between a sequence of governments, each foreseeing how its successors will behave.

Our focus is on Markov equilibria: we assume that “reputational mechanisms”, for one

reason or other, are not operative.1

The paper has three main contributions. First, it shows how a Markov equilibrium

can be found as the fixed point of a set of functional equations. These functional

equations include those that typically characterize the competitive equilibria for given

policies and, in addition, a functional equation that we denote the Generalized Euler

Equation (GEE). The GEE is the intertemporal first-order, necessary condition for

optimal government policy. The GEE summarizes the marginal costs and benefits of a

change in current taxes and constitutes a convenient tool for forming intuition as well as

gauging which costs and benefits may be quantitatively important. The GEE is a rather

complicated expression, but we show that it amounts to setting a weighted average

of “wedges”—distortions—equal to zero. Thus, there exists a dynamic extension of

standard public economics concepts, and we derive its exact form. The GEE has terms

that are non-standard since they are derivatives of the key unknown policy functions.

The second contribution of this paper is to show how to compute equilibria with

1Our work, thus, is closer in spirit to the original Kydland and Prescott (1977) paper than some
later papers, notably Chari and Kehoe (1990) and related work which, following Abreu, Pearce, and
Stacchetti (1990), discuss conditions under which better (and worse) equilibria can be attained using
triggers under the assumption that agents are sufficiently patient.
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controlled accuracy. The presence of functional derivatives in the functional equations

means that it is not possible to find a steady state without simultaneously character-

izing dynamics. We show how a perturbation method can be used to easily compute

the steady state. We provide a few examples with closed-form solutions that illustrate

both the theoretical and the computational contents of the paper.

The third contribution of the paper is to characterize the time-consistent, Markov

outcomes for a calibrated economy. One key finding here is that time-consistent equi-

librium taxes can be much lower than those that would result in a static economy,

even though the tax base is ex-post inelastic (as in the case of a capital-income tax).

We compare the properties of the time-consistent Markov allocation both qualitatively

and quantitatively with those that arise in an environment with lump-sum taxes (the

Pareto allocation) and those of an environment where the government can commit to

future policy (the Ramsey allocation).

Our focus on a Markov equilibrium is a selection device, and we see it as a way

of singling out the infinite-horizon equilibrium which is a limit of finite-horizon equi-

libria (if the latter are unique and the limit exists). We believe that it is fruitful to

pay separate attention to this “fundamental” equilibrium not only because it has a

close connection with equilibria in with long but finite horizons, but also because it

provides a benchmark against which the best reputation equilibrium, if one exists, can

be contrasted.

Because we look at a growth model, the dynamic game has a state variable: the

capital stock. This makes the game complicated, but it also makes it interesting.

Capital is the reason why the Ramsey allocation is time-inconsistent: decisions about

taxes at time t > 0 influence savings decisions in earlier periods. In a time-consistent

Markov equilibrium without commitment, a current government would thus like the

next government to set its tax at a lower level than it does, because the latter sees

savings as inelastic. Because of the effect a current policy decision has on private

budgets and prices, however, the accumulation of capital provides a channel through

which the current government, despite its inability to directly affect future policy, can

influence outcomes beyond the present period. We do not, however, wish to label

this influence “strategic manipulation”, because given a level of savings, the current
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and next-period governments have preferences that are perfectly aligned: an envelope

theorem applies. In this sense, the present dynamic game contrasts sharply with the

savings games between selves with conflicting discounting studied recently (see, e.g.,

Strotz (1956), ?), ?), Laibson (1997), and Krusell, Kuruşçu, and A. (2000)). In those

games, the objectives conflict, and manipulation is an active part of equilibrium behav-

ior. However, even though the government in our economy does not try to manipulate

its successors, it still wishes to influence capital accumulation. This is because current

taxation can, via wealth effects, alter private decisions in a direction that alleviates

future or intertemporal distortions: as pointed out above, the government trades these

distortions off against one another, and the capital stock is the vehicle through which

future distortions can be affected.

Markov equilibria may not be unique. In a similar context—a dynamic savings game

between successive selves with conflicting time discounting—Krusell and Smith (2000)

show that there is indeterminacy not only of equilibrium paths but of steady states as

well. However, these Markov equilibria, which do not correspond to limits of finite-

horizon equilibria, rely on discontinuous savings rules. Therefore, we insist here on

differentiable policy rules. As already pointed out, our key equilibrium condition, the

GEE, explicitly involves the derivative of the decision rule of the government decision

maker. In contrast, in standard frameworks—where the commitment solution is time-

consistent or where the government is assumed to be able to commit directly—the

decision-rule derivatives never appear in the first-order conditions.

In our quantitative experiments it turns out that the properties of taxes and allo-

cations in the time-consistent, Pareto, and Ramsey equilibria differ markedly, even in

environments where there are no a-priori reasons to think that the existence of com-

mitment matters, such as in economies with taxes only on labor income—a static tax.

We also find that even though reputation is by definition ruled out, the mechanisms

that are left—which involve the effects of current taxation on the capital stock be-

queathed to the next decision maker—can be quite powerful and even qualitatively

surprising. In an economy where labor supply is exogenous and the government taxes

current capital income alone to finance the current provision of public goods, it does

not provide an outcome with an optimal mix of private and public goods, even though

the capital income tax is equivalent to a lump-sum tax. Foreseeing that the current
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governments will tax capital, which retards capital accumulation earlier on, the current

government wishes to increase that capital accumulation. It does so by taxing current

capital income less: it lets the consumers keep some resources, thus using a wealth

effect to increase current and future savings in the direction it desires.

The tools developed in this paper are, we think, entirely general and applicable

to a wide variety of contexts. There is earlier work in this direction. First, Markov

equilibria of the type that we are interested in have been studied in Cohen and Michel

(1988) and Currie and Levine (1993), who explore linear-quadratic economies. In such

economies, Markov equilibria can be characterized and computed explicitly, since the

first-order conditions become linear in the state variable. In other words, the derivatives

of decision rules here are constants, and although they play a role in the solution,

higher-order derivatives of these rules are all identically zero. The drawback, of course,

of linear-quadratic settings is that they only apply in extremely special settings. Thus,

either one has to give up on quantitative analysis to apply them, or accept reduced-form

objective functions and/or reduced-form private decision rules.

There is also a literature both in political economy (Krusell, Quadrini, and Rı́os-

Rull (1997), Krusell and Rı́os-Rull (1999)) and in optimal policy with a benevolent

government (Klein and Rı́os-Rull (1999)) that has used computational methods to

find quantitative implications of Markov equilibria for a variety of questions. This

work is closely related to the present one, but it has two drawbacks. First, the meth-

ods used—essentially, numerical solution of value functions based on linear-quadratic

approximations—are of the “black-box” type: they do not deliver interpretable con-

ditions, such as first-order conditions for the key decision maker. The present paper

fills this gap. Secondly, the numerical methods do not deliver controlled accuracy. In

contrast, the methods used herein do.

In a related paper, Phelan and Stacchetti (2000) have looked at environments like

those studied in this paper and have developed methods to find all equilibria. Their

methods, however, do not allow Markov equilibria to be identified and explicitly in-

terpreted. The only other closely related literature is that upon which the present

work builds quite directly: the analysis of dynamic games between successive selves, as

outlined in the economics and psychology literature by Strotz (1956), ?), ?), Laibson
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(1997), and others. This literature contains the derivation of a GEE, and Krusell,

Kuruşçu, and A. (2000) show how to solve it numerically for a smooth decision rule

equilibrium. As will be elaborated on below, the smooth rule can be difficult to find

with standard methods, and Krusell, Kuruşçu, and A. (2000) resort to a perturbation

method, which we also use here. This method relies on successive differentiation of the

GEE. Here is one place where smoothness of the policy function becomes operationally

important.

The broad outline of the paper is as follows. In Section 2 we describe our baseline

environment, in which the only private economic decision is the consumption-savings

choice (Section 2.1), define a Ramsey equilibrium (Section 2.2), and then define and

discuss our time-consistent, Markov equilibrium (Section 2.3) step by step. The analy-

sis of our equilibrium—which involves interpretations of the GEE and of government

behavior as well as comparisons with alternative ways of stating the government prob-

lem/defining equilibrium—is contained in Section 3. Section 4 then discusses an ex-

tension to our baseline setup where leisure is valued and where there are different

possibilities for what tax base might be used. In Section 5, we provide parametric

examples for which closed-form solutions can be obtained. Section 6 discusses the

properties of the policies that arise in an environment calibrated to U.S. data where

governments do not have access to a commitment technology (Markov policies) and

compares them to those that arise both in environments with commitment (Ramsey

policies) and in environments where the government has access to lump sum taxation

(Pareto policies). Section 7 concludes. The Appendix includes some auxiliary formal

definitions and the description of the computational procedures we use.

2 The model

In this section, we describe the specific setup. We then define a benchmark “Ram-

sey equilibrium”—the solution to an optimal-policy problem where the government

can commit to future policies. After that, we proceed toward a definition of a time-

consistent equilibrium where the government does not have the ability to commit.
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2.1 The environment

Our model is rather canonical. We consider a standard growth model with an infinitely-

lived, representative household and a benevolent government with a period-by-period

balanced budget and proportional taxation. In the first part of the paper, the tax base

is total income and leisure is not valued.

In a competitive equilibrium, households maximize

∞∑
t=0

βt u(ct, gt)

subject to

ct + kt+1 = kt + (1− τ t) [wt + (rt − δ)kt] .

Firms maximize profits; using a constant-returns-to-scale production function f(K,L),

where f is concave, they employ inputs so that wt and rt are the marginal products of

labor and capital, respectively.

Using capital letters to denote economy-wide levels, the resource constraint in this

economy reads

Ct + Kt+1 + Gt = f(Kt, 1) + (1− δ)Kt

The government’s balanced-budget constraint, thus, reads

Gt = τ t [f(Kt, 1)− δKt] .

We will make use of the following functions:

G(K, τ) ≡ τ [f(K, 1)− δK]

and

C(K, K ′, τ) ≡ f(K, 1) + (1− δ)K −K ′ − G(K, τ),

where ′s denote next-period values. These functions—C representing consumption as a

function of current and next-period capital and the current tax rate and G representing
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government expenditures as a function of current capital and the current tax rate—are

exogenous and will economize on notation significantly.

2.2 Commitment: the Ramsey problem

If lump-sum taxes were available, the optimal allocation in this economy would involve

two conditions: uc(Ct, Gt) = β(1+fk(Kt+1, 1)−δ)uc(Ct+1, Gt+1) (optimal savings) and

uc(Ct, Gt) = ug(Ct, Gt) (optimal public expenditures). In our economy lump-sum taxes

are assumed not to be available, and the the optimal allocation using a proportional

income tax is more involved.

We will first assume that the government has the ability to commit to all its future

policy choices at the beginning of time. The government’s decision problem is therefore

to choose a sequence of tax rates {τ t}∞t=0 in order to maximize utility, taking into

account how the private sector will respond to these taxes. A simple way to describe

this problem formally is to choose {τ t, Kt+1}∞t=0 to maximize

∞∑
t=0

βt u(C(Kt, Kt+1, τ t),G(Kt, τ t))

subject to the private sector’s first-order conditions for savings (which, together with

a transversality condition which will be nonbinding, are necessary and sufficient con-

ditions for consumer maximization)

uc(C(Kt, Kt+1, τ t),G(Kt, τ t)) =

βuc(C(Kt+1, Kt+2, τ t+1),G(Kt+1, τ t+1)) [1 + (1− τ t+1)(fk(Kt+1, 1)− δ)]
(1)

for all t ≥ 0. We refer to the solution of the problem as the Ramsey allocation.

This problem has a noteworthy feature: its solution will, in general, not be time-

consistent. That is, the optimal sequence of taxes and capital stocks will not be optimal

ex post: if the government could reoptimize at a t > 0, they would choose to not follow

the original sequence. For this reason, the assumption that the government can commit

to future taxes is a binding one.
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To see the source of time-inconsistency, note that both Kt+2 and τ t+1 appear in the

constraint at time t: for t > 0, the choices of Kt+1 and τ t influence the savings and

tax choices in the previous period (Kt and τ t−1). However, this is not true at t = 0,

since K0 is given (and τ−1 does not enter the problem at all). This means that the

first-order condition for the choice of K1 has one term less than that for the choice of

any other Kt (and similarly for τ 0 vs. any other τ t). So if {τ t, Kt+1}∞t=0 satisfies all

the first-order conditions for the above problem, it will not satisfy all the first-order

conditions for the problem of reoptimizing beginning at time s. Reoptimization would

involve choosing {τ t, Kt+1}∞t=s subject to the private sector’s first-order conditions for

savings for periods s, s+1, . . . . Clearly, the original chosen sequence could not satisfy

the first-order condition for the reoptimization problem in period s; hence the time-

inconsistency.

Intuitively, the tax rate chosen by the government for time t > 0 does influence—

distort—the savings choice in period t − 1 (and therefore also in any earlier periods),

but if it were to reoptimize at time t, it would not recognize this distortion.

2.3 No commitment: time-consistent equilibrium

We now assume that the government is not able to commit to future tax rates. Con-

ceptually, we need the government to choose the tax rate only in the current period,

while figuring out all the effects of this choice, present and future. The effects in the

future are present through the capital accumulation decision of private households. A

current tax will influence this choice—via a wealth effect—and hence the state vari-

able for next period changes. Through this channel, the current tax rate affects next

period’s savings, too, and so on. In addition, to the extent that the current tax choice

depends on the current capital stock, a tax choice today will also influence future tax

policy—through the effects on capital accumulation. Therefore, it is possible for the

current government to directly—i.e., not through “reputation effects”—manipulate fu-

ture governments. We will now proceed to study how this possibility of manipulation

is exercised.

The formalization of a time-consistent equilibrium proceeds in three steps. We
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employ recursive methods. We first define a recursive competitive equilibrium for

given policy (Section 2.3.1). This is done is such a way as to allow us to define the

government’s problem (Section 2.3.2); a definition of a Markov-perfect equilibrium then

follows in Section 2.3.3. This definition is phrased in terms of value functions and policy

functions. Our main focus, however, is more narrow: we seek the Markov equilibrium

which is a limit of finite-horizon equilibria. In our general treatment here, we will make

two assumptions: (i) we assume such an equilibrium exists; and (ii) we assume that this

equilibrium has differentiable policy functions. Based on these assumptions, we provide

a definition of such equilibria in terms of two functional equations in policy function

space—Section 2.3.4. Our characterization of such an equilibrium then continues in

Section 3.

2.3.1 Recursive competitive equilibrium for given policy

We will now define a recursive competitive equilibrium given a policy function Ψ: we

let τ be the current income tax rate and τ = Ψ(K) is a rule specifying what tax rate

will apply for every value of the state variable of the economy (the stock of capital K).

The function Ψ is the fundamental equilibrium object we seek to characterize—how the

government taxes—but for now we will regard it as an arbitrarily given function. The

gist of the definition is a function for the aggregate law of motion of capital that depends

only on K. It arises from imposing the representative-agent condition on the individual

decision rules of agents, who understand that the economy evolves according to those

functions and to the government policy function Ψ. However, we depart from the fully

recursive way of defining these equilibrium functions: a fully recursive way would give

next period’s capital as a function of the current capital stock alone, given that the

government behaves according to Ψ. Instead, we include a one-period deviation for

government policy: we define equilibrium for a given Ψ function as a function that

yields next period’s capital as a function of both the aggregate capital stock and the

current tax rate. That is, the idea is that the current tax rate is set at an arbitrary

value but that future tax rates follow Ψ, evaluated at future capital values. We thus

write the equilibrium function capital accumulation as

K ′ = H(K, τ) (2)
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The explicit dependence of this function on the tax rate allows us to use it to pose the

problem that the government faces in any given period: it has the freedom to choose

the current policy, but has to take as given how future governments react. In particular,

the future governments respond to the capital stock they inherit, through the function

Ψ. Moreover, the current government can affect next period’s capital according to H—

through its second argument—and the capital stocks after that as well, through similar

channels. In Appendix A we define the concept of recursive competitive equilibrium in

detail; it involves a value function for the consumer, whose arguments are K and τ , and

an accompanying decision rule for capital accumulation that, when the representative-

agent assumption is invoked, reduces to H—the function that each agent takes as given

(along with Ψ) in her maximization problem.

The household’s first-order condition for saving in recursive competitive equilibrium

will be utilized extensively below. It can be represented as a functional equation, i.e.,

it has to be satisfied for all τ and all K. Thus, for (K, τ) we require

uc (C(K, K ′, τ),G(K, τ)) =

βuc (C (K ′, K ′′, τ ′) ,G (K ′, τ ′))) · {1 + [1− τ ′][fK(K ′)− δ]} ,
(3)

where K ′, τ ′, and K ′′ are all functions of (K, τ):

K ′ = H(K, τ)

τ ′ = Ψ(K ′) = Ψ(H(K, τ))

K ′′ = H(K ′, τ ′) = H(H(K, τ), Ψ(H(K, τ))).

This is the functional-equation version of equation (1) above; it defines H. No-

tice how Ψ is a determinant of H: the expectations of future government behav-

ior influence how consumers work and save. Also, notice how any taxes and cap-

ital stocks further into the future can also be written, using H and Ψ, to depend

on the current variables K and τ : τ ′′ = Ψ(K ′′) = Ψ(H(H(K, τ), Ψ(H(K, τ)))) and

K ′′′ = H(K ′′, τ ′′) = H(H(H(K, τ), Ψ(H(K, τ))), Ψ(H(H(K, τ), Ψ(H(K, τ))))), and so

on.
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2.3.2 The government’s problem

We are now ready to state the government’s problem in a time-consistent equilibrium.

Note that the government only chooses this period’s tax rate, and that it takes as given

what future governments do. But it does not take the future governments’ actions as

given; instead, it takes as given the policy function Ψ used by future governments.

Before writing the problem of the agent, note that the current return for the government

is given by

u (C(K, K ′, τ),G(K, τ)) . (4)

The following period, capital is given by K ′ = H(K, τ). Note why this is the case: the

private sector makes its choices of how much to work and how much to save (and this

determines consumption and government expenditures) as a function of the state of

the economy K, whatever policy rate the government makes today τ , and taking into

account that future policies are given by function Ψ.

The government also needs a function for assessing the value of the future. Let

this assessment be given by a certain function v. This function has as argument the

state of the economy tomorrow, K ′ (and of course it depends on future behavior by the

private households and the ensuing governments). Before describing how this function

is determined, note that the problem of the government can be written as

maxK′,τ u (C(K, K ′, τ),G(K, τ)) + β v(K ′)

subject to

K ′ = H(K, τ).

(5)

The function v, whose role it is to add up all future utility streams in a standard

way using discounting weights, can also be defined recursively with the functions that

describe the actions of the households and of future governments. Thus,

v(K) ≡ u [C(K,H(K, Ψ(K)), Ψ(K)),G(K, Ψ(K))] + β v[H(K, Ψ(K))] (6)

for all K defines v. One can therefore view the government’s problem in two steps:

(i) using H and Ψ, define the value of any amount of capital left for the future, v;
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and (ii) using v, solve a one-variable maximization problem: choose τ to maximize the

objective.

2.3.3 Markov-perfect equilibrium

A Markov-perfect equilibrium now dictates that Ψ(K) solves the above problem for all

K:

Ψ(K) ∈ arg max
τ
{u [C(K,H(K, τ)), τ),G(K, τ)] + β v(H(K, τ))} . (7)

This is our key fixed-point condition. It states that the rule that the governments

follows ends up being the same as the one they perceive future governments to be

using. This idea captures their rational expectations, or, in this context, the time

consistency of the equilibrium.

By construction now, the problem of the government must satisfy

v(K) = max
τ

u [C(K,H(K, τ)), τ),G(K, τ)] + β v[H(K, τ)]. (8)

This is the recursive problem that a time-consistent policy has to solve. That is, unlike

in the case of a Ramsey equilibrium, a time-consistent equilibrium has the government

solve a fully recursive problem. The recursive problem, however, is not expressed in

terms of primitives alone: it involves both Ψ and H as determinants.

Formally, a Markov-perfect equilibrium is now a set of functions Ψ, v, and H
satisfying the functional equations (7), (6), and (3).

2.3.4 Differentiable Markov-perfect equilibrium

We now assume that our equilibrium policy functions Ψ and H are differentiable

and proceed to derive a functional-equation first-order condition for the government’s

choice. This equation, which we will refer to as the GEE (the Government’s, or Gen-

eralized, Euler Equation), will be in focus in the analysis below. We shortly discuss,

in Section 2.3.5, our reasons to consider differentiable equilibria.
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There are several ways to derive the GEE. The most straightforward way at this

point is to start by deriving a first-order condition from the government’s recursive

problem, which will contain the unknown function ∂v
∂K

, and then use an envelope con-

dition to eliminate ( ∂v
∂K

)′. This procedure is nonstandard only in that it is somewhat

more roundabout to eliminate ( ∂v
∂K

)′ than in the standard growth model.

The first-order condition for the government produces

uc(CK′Hτ + Cτ ) + ugGτ + β

(
∂v

∂K

)′
Hτ = 0.

Here, we are economizing on notation by suppressing the arguments of the functions.

This equation, thus, pins down τ . To obtain an expression for ∂v
∂K

, we differentiate

equation (6), which has to hold for all K; we obtain

∂v

∂K
= uc(CK+CK′(HK+Hτ

∂Ψ

∂K
)+Cτ

∂Ψ

∂K
)+ug(GK+Gτ

∂Ψ

∂K
)+β

(
∂v

∂K

)′
(HK+Hτ

∂Ψ

∂K
) = 0.

This equation contains indirect effects , via ∂Ψ
∂K

. Notice, too, that a grouping of the ∂Ψ
∂K

terms leads to ∂Ψ
∂K
· 0, where the “0” results from use of the first-order condition above:

this is the envelope theorem. However, unlike in the setting of the standard growth

model, the use of the envelope theorem does not suffice to make ( ∂v
∂K

)′ disappear here:
∂v
∂K

still depends on ( ∂v
∂K

)′:

∂v

∂K
= uc(CK + CK′HK) + ugGK + β

(
∂v

∂K

)′
HK = 0.

This is not a problem, however: ( ∂v
∂K

)′ can be expressed in terms of primitives and

decision rules from the first-order condition above. This delivers

β

(
∂v

∂K

)′
= − 1

Hτ

(uc(CK′Hτ + Cτ ) + ugGτ ) .

Thus, the expression for ∂v
∂K

in terms of primitives and decision rules reads

∂v

∂K
= uc(CK + CK′HK) + ugGK − HK

Hτ

(uc(CK′Hτ + Cτ ) + ugGτ ) .
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We can now update this expression one period and substitute back into the original

first-order condition to obtain our GEE:

uc [−Hτ − Gτ ] + ugGτ+

βHτ

{
u′c [f ′K + 1− δ −H′

K − G ′K ] + u′gG ′K − H′K
H′τ

(
u′c[−H′

τ − G ′τ ] + u′gG ′τ
)}

= 0,
(9)

where we have also used the definition of C in terms of primitives. Equation (9), where

arguments are still suppressed for readability and primes on functions indicate that

the function is evaluated in the next period, holds for all K. It is our fundamental

functional equation determining Ψ(K) given H(K, τ). I.e., it defines the government

policy rule Ψ as the optimal policy determination under the assumption that the private

sector behaves according to an arbitrary H.

We are now ready to define our time-consistent equilibrium as a differentiable

Markov-perfect equilibrium.

Equilibrium: A time-consistent policy equilibrium is a set of differentiable functions

Ψ and H such that

• H(K, τ) solves the functional first-order condition (3) of the private sector; and

• Ψ(K) solves the functional first-order condition (9) of the government.

The definition presumes that the first-order conditions are also sufficient for max-

imization of the problems of representative agent and of the government. We will

discuss the interpretation of these equations, especially the GEE, in detail below, and

we will discuss how to find Ψ and H for calibrated parameter values.

2.3.5 Connections to a finite-horizon model: qualifications

Our goal is to find the Markov equilibrium which is a limit of the corresponding finite-

horizon equilibria. Is there such a limit, and does our definition of a time-consistent
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(differentiable) equilibrium above produce it when it exists? Can our definition also

be satisfied by an equilibrium which is not the limit of finite-horizon equilibria?

First, we provide no general conditions under which the limit is well-defined. Exis-

tence of an equilibrium for any finite horizon T can be obtained in a straightforward

manner, but it is possible that the sequence of policy rules so obtained, even if there is

a unique such rule for a given T , does not converge. It is also possible, in general, that

several equilibria exist in the finite-horizon game. In this case, it would also be pos-

sible to construct “reputational” equilibria, despite the finite horizon (see Benoit and

Krishna (1985)). In other words, our equilibrium definition will only be useful in cases

where the finite-horizon equilibria are unique and deliver policy rules that converge as

T goes to infinity.

Second, is such a limit equilibrium differentiable? It need not be; here again, our

work presumes that the problem is well-behaved enough (of course, we assume that

our primitive functions u and f are sufficiently differentiable). As an illustration, we

display a closed-form solution to our public-expenditure problem in Section 5 below

that meets all the desired properties, and it is possible to show, under some conditions,

that this equilibrium is also the limit of finite-horizon equilibria.

Third, in cases where the limit equilibrium is well-defined and differentiable, is it

possible that there exist other differentiable Markov-perfect equilibria satisfying our

two equilibrium functional equations? We cannot rule this out. In cases where a

closed-form solution to our problem can be derived, it should be straightforward to

check whether a differentiable equilibrium is also the limit equilibrium. Indeed, in

our closed-form example we show that, if certain conditions are met, there can be a

solution to the functional equations that is not the limit equilibrium. When no closed-

form solution is available, one has to rely on global numerical search to ensure that no

other differentiable solution exists.2 The numerical procedure that we propose below

(in the Appendix) is designed to find steady states. It is general in nature and designed

as a global search. Thus, it will deliver a numerical answer to this question.

The search for an equilibrium as a limit of finite-horizon equilibria is a difficult

2It is also possible that a differentiable solution exists when no limit equilibrium exists.
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one in general, and few theoretical results are available. Our approach here is entirely

applied; it relies on a well-behaved problem, and we suspect that the careful numerical

work that has to go along with any applied problem will reveal any pathologies. In

the case we study, we are guided by analytical results for a benchmark economy: we

reproduce these results numerically and then move away from this economy gradually.

3 Characterization

We now move to our discussion of the GEE—the government’s first-order condition.

After providing various interpretations of this condition, we present two reformulations

of our problem. The first one of these is more compact than the one above, although

perhaps less transparent. It is particularly useful in the numerical work later. The

second reformulation casts the government’s problem as a sequential one. This problem

is useful in delivering an easier method for deriving the GEE than the one above.

3.1 Interpretation of the government’s Euler equation

We begin with two alternative interpretations of the costs and benefits of raising current

taxes. Thereafter, we address the question of whether there is a sense in which the cur-

rent government, through the effect its taxation decision has on capital accumulation,

manipulates its successors.

3.1.1 The macroeconomist’s version

A first property of the GEE is that it has a finite number of terms. That is, even though

the current tax rate choice in general has repercussions into the infinite future—recall

that the present government cannot “keep future variables constant” because it cannot

commit future governments—the marginal costs and benefits at an optimum can be

summarized with terms involving only two consecutive periods. This, of course, is due

to the recursive structure and the use of the envelope theorem. The envelope theorem

in this context means that, when K ′ is viewed as given, the current government agrees
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with the next government on how to set τ ′; these two governments have identical ways

of evaluating utility from tomorrow and on. That is, disagreement is only present if

the effects of τ ′ on K ′ are taken into account.

The recursive structure of the government’s problem makes it equivalent to a se-

quential problem, which we will state and discuss in some detail in Section 3.1.3. Thus,

one can also view the GEE as resulting from a variational (2-period) problem: keeping

the state variables K and K ′′ fixed, vary K ′, through the control variables τ and τ ′,

in order to obtain the highest possible utility. Viewed this way, one observes that any

change in K ′, which is effectuated by a change in τ , requires an accompanying change

in τ ′ so that K ′′ remains unchanged. Total differentiation of K ′′ = H(K ′, τ ′) thus

states that this change in τ ′ has to be dτ ′
dK′ = −H′K

H′τ . Notice that this term appears in

the GEE: it thus reflects a partial change in τ ′ coming about due to a change in K ′.

It is not, however, equal to Ψ′, which is the net change in τ ′.

Second, the GEE contains both primitive functions, such as marginal utility, and

(endogenous) decision rules: H and Ψ.3 Moreover, and this is why the term “gener-

alized” Euler equation is appropriate, the equation contains derivatives of of decision

rules; it containsHK andHτ , both evaluated in the present and in the future. Thus, our

equilibrium system of functional equations is actually a differential equation system.

As we shall see below, it is possible to eliminate the derivatives of H by use of the

consumer’s Euler equation for savings, equation (3). This equation defines H(K, τ),

and by differentiation with respect to K and τ , respectively, these derivatives can be

obtained. However, this differentiation will involve another unknown derivative—Ψ′—

since Ψ is present in the forward-looking consumer’s Euler equation. That is, there is no

way around the fact that our two key equilibrium functional equations are differential

equations.

We will now interpret the GEE in terms of marginal benefits and marginal costs of

changing τ . These benefits and costs will involve the unknowns HK and Hτ . In our

discussion, we will assume that the former of these is positive and the latter negative.

These assumptions seem natural: under the normal goods assumption regarding c and

3Due to the compact notation, Ψ is not visible in (9) but appears as an argument of G.
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c′ (i.e., time-additive utility and a concave u), one would expect increased income to

increase savings, and both an increase in K and a decrease in τ reflect increased income.

However, notice that, to the extent K also changes tax rates (recall that K is not the

individual’s state variable, but the economy-wide capital stock), which it does in our

economy, other effects could be present. In our analytically solved example below as

well as in our quantitative section, we confirm the assumed signs of HK and Hτ .

For convenience, we restate the GEE.

uc [−Hτ − Gτ ] + ugGτ+

βHτ

{
u′c [f ′K + 1− δ −H′

K − G ′K ] + u′gG ′K − H′K
H′τ

(
u′c[−H′

τ − G ′τ ] + u′gG ′τ
)}

= 0,

We can thus describe our marginal benefits and costs as follows. In terms of effects on

today’s utility-relevant variables, a marginal increase in the current tax rate affects

1. current consumption, which

(a) goes up via lower savings, delivering a utility effect of −ucHτ > 0, and

(b) down via higher government spending, with an effect on utility of−ucGτ < 0;

and on

2. current government spending, whose rise leads to a utility change of ugGτ > 0.

The effects of the tax hike on future utility-relevant variables occur via a decrease in

savings (Hτ < 0), leading to

3. effects on next period’s consumption which

(a) goes down via a direct effect on production and undepreciated capital, af-

fecting utility by βHτu
′
c(f

′
K + 1− δ) < 0;

(b) goes up via an indirect negative effect from lowered saving (dK′
dτ

dK′′
dK′ =

HτH′
K < 0), affecting utility by βHτu

′
c(−H′

K) > 0; and

(c) goes up via an indirect negative effect on government spending (dK′
dτ

dG′
dK′ =

HτG ′K < 0), affecting utility by βHτu
′
c(−G ′K) > 0;
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4. a decrease in government spending, producing a utility change of βHτu
′
gG ′K < 0;

and

5. two additional induced effects which occur via the above-mentioned decrease in

next period’s tax rate, dτ ′
dτ

= −Hτ
H′k
H′τ < 0; this effect

(a) raises next period’s consumption, which results in a change in next period’s

utility by βHτ (−H′K
H′τ )u′c[−H′

τ − G ′τ ] > 0 (assuming Hτ + Gτ > 0), and

(b) lowers next period’s government spending, which leads to a utility change

of the amount βHτ (−H′K
H′τ )u′gG ′τ < 0.

In our numerical work below, we derive (steady-state) values to these different

terms, allowing us to determine the effects in the GEE are quantitatively important

and which are not.

3.1.2 The public-finance version

The GEE can be rewritten so that it is a linear combination of wedges. Rearranging

terms we obtain the following equation.

Gτ

[
ug − uc

]
+Hτ

[
−uc + βu′c(1 + f ′K − δ)

]
+ βHτ (G ′K −

H′
K

H′
τ

G ′τ )
[
u′g − u′c

]
= 0. (10)

Three terms in brackets appear: these are the three different “wedges” that are

affected by the change in the current tax rate. Note that only wedges in the current

and in the next period appear, even though this intertemporal economy has wedges in

every period: again, envelope theorems imply that future wedges are handled optimally

and hence can be ignored in comparing marginal costs and benefits of a current tax

increase.

How are the different distortions traded off against each other? First, an increase in

the tax rate influences the gap between ug and uc. This gap, which would be zero with

lump-sum taxes since private and public goods are perfect substitutes in production,
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must be positive since it is costlier to provide G than C here. That is, a tax increase,

by increasing G, makes this gap smaller.

Second, since the tax increase leads to a decrease in savings, the intertemporal

distortion is affected. The second bracket, −uc + βu′c(1 + f ′K − δ), actually equals

u′c(f
′
K − δ)τ ′ from the consumer’s Euler equation: so long as the tax rate next period

is positive, the marginal utility of consumption today is too low (because savings are

too low). Thus, the decrease in savings resulting from an increase in current taxes will

be detrimental: it increases the intertemporal distortion further.

Third, the lowered savings will lead to changes in the provision of public goods

next period and it will thus influence the gap between the marginal utilities of public

and private goods in that period. The channels are two: lowered capital directly

lowers G′ and it also induces a decrease in next period’s tax rate, which also lowers G′:
dG′
dτ

= Hτ (G ′K − H′K
H′τ G

′
τ ) < 0. Thus, this effect is a negative: next period’s distortion is

made larger.

In sum, we are weighing one positive effect of increasing the current tax rate—it

increases the amount of public goods, thus decreasing the wedge between public and

private goods—against two negative ones: it increases the same wedge next period,

and it also increases the intertemporal wedge. Not all wedges can be zero, because the

optimal provision of public goods—uc = ug—demands a positive tax rate, which nec-

essarily makes the intertemporal distortion nonzero. This result is perhaps surprising:

the use of the income tax seems nondistortionary in this model from the perspective

of the current government: it is like a lump-sum tax. Nevertheless, the government

does not tax at the high rates that would be necessary to deliver (statically) opti-

mal public-goods provision! This is because the government finds it in their interest

to leave more resources than that in the hands of the private sector: some of those

resources will be saved, and this will help alleviate the intertemporal distortion. At

an optimum, an optimizing government makes sure that a marginally decreased cur-

rent public-goods-provision wedge is exactly counterbalanced by increases in the other

wedges.
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3.1.3 A sequential formulation

By Bellman’s principle, it follows that we can alternatively characterize the problem

of the government as one where it chooses a policy sequence, {τ t}∞t=0, to solve the

following sequential problem:

max{τ t,Kt+1}∞t=0

∑∞
t=0 βt u (C(Kt, Kt+1, τ t),G(Kt, τ t))

subject to

Kt+1 = H(Kt, τ t).

(11)

By definition, this sequential problem has a stationary, or recursive, structure: the

period objective involves Kt, Kt+1, and τ t, and the constraint expresses Kt+1 as a

function of τ t and Kt. That is, it is of the same form as, say, the planning problem

of the neoclassical growth model; there, the control variable is ct, and here it is τ t.

The time-inconsistency problem is apparently not present: variables chosen by the

government at t + 1 do not affect those variables chosen at t.

Problem (11), however, does not correspond to the decision problem the government

is actually facing, because it features a different feasible set for taxes: it does allow

the government full power to choose any {τ t}∞t=0. In contrast, in our time-consistent

equilibrium, the government at time t only has a one-dimensional way of affecting

future taxes: by the choice of τ t, which via H influences Kt+1, which in turn via Ψ

affects τ t+1, and so on. But despite being formally different problems, the equilibrium

sequence chosen by the government in our Markov-perfect equilibrium will also solve

this problem, and vice versa!

How is it possible that, given the ability to choose any tax sequence, the govern-

ment would choose tax rates satisfying τ t = Ψ(Kt)? Problem (11) does not allow the

government to choose any sequence of capital stocks: the capital stocks are given by

H. In contrast, the Ramsey problem described in Section 2.2 leaves more freedom

for the capital stocks. In particular, the constraint in the Ramsey problem, which re-

stricts capital through the individual’s first-order conditions for saving, allows K1 and

τ 0 to be selected independently. Here, in contrast, once τ 0 is pinned down, so is K1,

from K1 = H(K0, τ 0). The reason why the Ramsey problem allows more freedom, intu-
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itively, is that once the current tax has been set, savings can still be influenced by future

taxes, which you control. Problem (11) instead implicitly restricts the private sector’s

expectations about future events to be consistent with those in our time-consistent

equilibrium.

Problem (11) is not autonomous: it is still part of a fixed-point problem in Ψ. How

does Ψ enter in the problem? As just pointed out, it is incorporated into H: the shape

of this function reflects the expectations of future taxes (as described above in (3), the

private sector’s Euler equation.

Finally, the sequential formulation makes it evident that one can derive the GEE

using standard variational methods: fix the state variable this period, K, and two

periods hence, K ′′, and vary the controls in the current and next period (τ and τ ′,

respectively) in order to attain the highest possible utility over these two periods.

Straightforward differentiation of (11), as for the standard growth model, delivers the

GEE immediately. This way of deriving the GEE is perhaps more direct than the route

we followed above.

3.2 An alternative equilibrium definition

It is possible to provide a more compact definition of equilibrium. We state this defi-

nition because its compactness actually matters for computation (as we will comment

on later in detail) and because it is more closely connected to the Ramsey problem of

Section 2.2. The compactness is accomplished by not allowing a distinction between

the government and the private sector. The government thus chooses both K ′ and τ

directly, with associated equilibrium mappings h(K) and ψ(K).

The problem that the government solves—maximize utility subject to the Euler
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equation of the households—reads as follows:

v(K) = maxK′,τ {u (C(K,K ′, τ),G(K, τ)) + β v(K ′)}
subject to

uc (C(K, K ′, τ),G(K, τ)) =

β uc (C (K ′, h(K ′), ψ(K ′)) ,G (K ′, ψ(K ′)))) · {1 + [1− ψ(K ′)][fK(K ′)− δ]} .

(12)

Thus, K ′ is left as a choice variable and the restriction that it be consistent with

private-sector behavior is not captured through a function H but instead by including

the consumer’s Euler equation explicitly. Moreover, this equation is not a functional

equation: unlike (3), which had to hold for all K and τ , thus defining H, here the Euler

equation is a restriction on K ′ and τ (given any K). Part of this restriction, which

sets it apart from the restriction faced by the Ramsey planner, is that K ′′ as well as

τ ′, which enter on the right-hand side of the Euler equation, have to h(K ′) and ψ(K ′),

respectively.

Problem (12) is, of course, also a fixed-point problem: taking as given expectations

about future behavior as captured by h and ψ, current optimal behavior has to repro-

duce these functions. This formulation is obviously closer to the Ramsey formulation:

the difference is that future savings and tax choices here are restricted by h and ψ

whereas they are free in the Ramsey problem.

It is straightforward to see that our two equilibrium definitions are equivalent: the

function H is defined to solve the Euler equation above with the only difference that

what appears on the right-hand side is H(K ′, Ψ(K ′)), not h(K ′), and Ψ(K ′), not ψ(K).

Thus, if H and Ψ constitute an equilibrium according to our original definition, then

h and ψ defined by h(K) ≡ H(K, Ψ(K)) and ψ ≡ Ψ are an equilibrium as defined in

this section. Conversely, if h and ψ satisfy the above equilibrium definition, then one

can define H from the Euler equation above (solve for K ′ as a function of K and τ)

and set Ψ ≡ ψ and it is evident that H and Ψ are an equilibrium according to our

original definition.

It is also possible to derive the GEE from (11). However, as perhaps is evident, it

will lead to an equation which is very long, because both τ and, especially, K ′, appear
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in a large number of places. Among the many terms, both ψ′ and h′—the derivatives

of the policy rules—will appear in this first-order condition.

One can simplify matters by summarizing the Euler equation by

η(K, τ,K ′) = 0, (13)

where η is defined as the left-hand side of the restriction in (12) minus the right-hand

side. The GEE, then, becomes (after deriving the first-order condition and utilizing

the envelope theorem)

0 = −(uc Cτ + ugGτ )ηK′ − ητ

[
uc CK′ + u′cC

′
K + u′gG

′
K − (u′cC

′
τ + u′GG′

τ )
η′K
η′τ

]
. (14)

Noting that H is defined by

η(K, τ,H(K, τ)) = 0

for all (K, τ), we can differentiate with respect to K and τ and obtain, respectively,

HK = − ηK

ηK′

and

Hτ = − ητ

ηK′
.

Dividing the GEE—equation (14)—by ηK′ and rearranging, we obtain our original

GEE—equation (9). It, along with η(K,ψ(K), h(K)) = 0, has to hold for all K and

constitute our definition of time-consistent equilibrium here.

3.2.1 Strategic policy: does the current government manipulate its suc-

cessors?

The dynamic game played between governments involves a disagreement: the current

government would like to see the next government choose a lower tax on income, τ ′,

than it ends up choosing. Does this mean that the current government attempts to

“manipulate” the next government in its tax choice? It could influence τ ′ through its
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influence on saving, K ′. Suppose, for example, that τ ′ = Ψ(K ′) is increasing. Then the

current government might see a reason to increase τ a little extra, so as to decrease K ′

and thereby decrease τ ′: it could influence the tax choice next period through savings.

Our GEEs, however, do not directly contain the derivative of the tax policy rule

Ψ, as one might think it would. In fact, from our arguments earlier, and the very fact

that the government’s problem can be written recursively, the successive governments

actually agree in one important dimension: given the value for current savings , they

agree on how to set next period’s taxes. That is why the derivative of Ψ does not

appear directly in the government’s first-order conditions. It appears indirectly, as a

determinant of Hτ . But this appearance does not reflect strategic behavior; rather,

it simply captures how the effects on private-sector savings of a current change in τ

depends on how those extra savings will alter next period’s tax rate. That is, Hτ

reflects how a current tax change influences the expectations of private agents, and

therefore their savings. More precisely, if the tax rate today is changed, how much

extra (or less) capital is saved—Hτ—depends on how the determination of the future

tax rate is perceived by the private sector.

To illustrate the role of Ψ in the determination of the savings response, let us com-

pare the kind of government we model to a “myopic” alternative: a myopic government

does not realize that their current taxation behavior influences future taxes. Suppose

that the time-consistent equilibrium has Ψ as an increasing function: the higher the

savings today, the higher the tax rate will be next period. In contrast, the myopic gov-

ernment perceives Ψ(K) to be constant. How, then, would the myopic government’s

first-order condition look? The answer is that it would look the same, with the one

difference that Hτ would be a different number: in terms of our compact equilibrium

definition, we have Hτ = − ητ

ηK′
, and here the denominator (but not the numerator) de-

pends on the derivate of Ψ. Assuming that u(c, g) is additively separable, that ητ > 0,

and that ηK′ > 0, one observes that if the change in the future tax is ignored, ηK′

could be too high—because of the lowered consumption, and therefore increased fu-

ture marginal utility value of savings, implied by the higher future tax rate—or too

low—because of the lower net-of-tax return from future savings. That is, a myopic gov-

ernment would misperceive Hτ , but whether this leads to lower or higher equilibrium

taxes is a quantitative question.
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It is interesting to contrast the present finding—that the strategic manipulation of

future players does not really take place here—with results from another dynamic game

with disagreements: the individual savings problem under time-inconsistent (quasi-

geometric) preferences (see, e.g., Strotz (1956), Laibson (1997), or Krusell, Kuruşçu,

and A. (2000)). This problem is modeled as a game between successive selves who

have conflicting discounting: the current self always places a higher relative weight on

current (as opposed to future) consumption than did any of his previous selves. In

a differentiable Markov-perfect equilibrium of this game, the derivative of the savings

function appears directly in the Euler equation: when evaluating the marginal benefits

of an additional unit saved, the current self sees a value in sending resources forward

because any extra income will partly be saved by the next self and that next self, the

current self thinks, saves too little. That is, because the envelope theorem does not

apply—due to the disagreement over savings—the response of the next self matters in

the marginal evaluations made by the current self. In the present model, in contrast,

since there is agreement on all decisions in the next period given a value for the capital

stock next period, the corresponding response—the derivative of Ψ—is not directly

present.

4 An extension: valued leisure

Suppose now that leisure is valued: we assume that utility is given by

∞∑
t=0

βt u(ct, 1− `t, gt).

We continue assuming that the tax base is total income. Our equilibrium definition

works as before, but one more element is required: we need to describe the equilibrium

labor response to (K, τ). The relevant mapping is L(K, τ), which is obtained from the

consumer’s first-order condition for the labor-leisure choice. Thus,

uc (C(K,H(K, τ), τ), 1− L(K, τ),G(K, τ)) · fL (K,L(K, τ)) (1− τ) =

u` (C(K,H(K, τ), τ), 1− L(K, τ),G(K, τ)) (15)
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for all (K, τ) and the first-order condition for savings (which now contains a leisure

argument, but which we will not restate) jointly define the functions H(K, τ) and

L(K, τ).

The equilibrium conditions now include three functional equations: the private

sector’s first-order conditions for labor and savings and the government’s first-order

condition. We go straight to the latter—to the GEE—which can be derived with the

same procedure as above. It reads

Lτ

[
ucfL − u`

]
+ Gτ

[
ug − uc

]
+Hτ

[
−uc + βu′c(1 + f ′K − δ)

]
+

βHτ

{
L′K

[
u′cf

′
L − u′`

]
+ G ′K

[
u′g − u′c

]
− H′K

H′τ

(
L′τ

[
u′cf

′
L − u′`

]
+ G ′τ

[
u′g − u′c

])}
= 0

(16)

for all K (again, the arguments of the functions are suppressed for readability). We

see a new wedge appearing: ucfL − u`, in the current period as well as in the next.

This wedge, which equals ucτ , must be positive so long as public goods are provided

(τ > 0). A current tax increase will now decrease labor supply (presumably) and thus

increase this intratemporal distortion. Similarly, there will be repercussions through

lowered savings on the same wedge in the future, in parallel with the induced effects

on future savings.

This formulation follows the public finance tradition of characterizing optimal taxes

as combinations of wedges. It is informative to consider other tax bases. Let us first

look at the wedge version of the GEE that would have arisen in an economy with

lump-sum taxes. It is given by

Gτ

[
ug − uc

]
+ βHτ (G ′K −

H′
K

H′
τ

G ′τ )
[
u′g − u′c

]
= 0. (17)

Here, a policy that sets marginal utility of government expenditures equal to that of

private consumption satisfies equation (17) and hence is an equilibrium policy. Mean-

while, to satisfy the private Euler equations with no distortionary taxes, labor supply

will be Pareto optimal as well in the Markov equilibrium. Thus the Markov equilibrium

is Pareto optimal. When the first best can be achieved, time inconsistency is no longer

a problem, and the GEE shows that.
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On the other hand, consider the case where only (net) capital income can be taxed.

Then the GEE becomes

Gτ

[
ug − uc

]
+Hτ

[
−uc + βu′c(1 + f ′K − δ)

]
+ βHτ (G ′K − H′K

H′τ G
′
τ )

[
u′g − u′c

]
+ = 0.

(18)

Notice that this is the same GEE as in the model without leisure. This does not mean

that the equilibrium tax rate is the same—the remaining equilibrium equation elements

are different. As in the case without valued leisure, it will not be optimal to go all the

way to (statically) optimal public-goods provision.

We now look at the GEE that results when there are only labor taxes. The GEE

becomes

Lτ

[
ucfL − u`

]
+ Gτ

[
ug − uc

]
+

β Hτ

{
(L′K − H′K

H′τ L
′
τ )

[
u′cf

′
L − u′`

]
+ (G ′K − H′K

H′τ G
′
τ )

[
u′g − u′c

]}
= 0.

(19)

Is the lack of commitment binding in the economy where labor income is taxed: is the

corresponding Ramsey equilibrium time-consistent? Even though the labor decision

is a static one, the answer is no. The reason is that Ramsey policy maker takes into

account the fact that a tax increase at t not only lowers labor supply at t but raises it

at t− 1, due to an income effect. A Markov policy maker treats the latter as a bygone

and does not take it into account. We do not display the first-order condition from

the Ramsey problem here, but it is straightforward to verify it does not coincide with

equation (19).

5 An example with a closed-form solution

We now use a parametric example to illustrate some of the results in our model. We

first consider a model without leisure and finite horizon; this economy allows us, among

other things, to discuss the relation between any time-consistent equilibrium in the

infinite-horizon economy and the limit of finite-horizon equilibria. We then look at the

case of leisure, but here we restrict attention to the infinite-horizon case. This model
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serves as a benchmark case for our quantitative section below: it has all the main

ingredients we consider there, but one cannot use it for quantitative purposes as there

is full depreciation. For the first economy, we look at capital income taxation, and for

the second we use a general income tax. With any form of proportional taxation in

these economies we obtain closed-form solutions.

5.1 A finite-horizon model without leisure

Suppose the representative agent has preferences represented by

T
t=0β

t [ln Ct + γ ln Gt] .

The resource constraint is given by

Ct + Kt+1 + Gt = Kθ
t ,

reflecting the assumption that there is full depreciation, and the government’s budget

constraint is

τ tθK
θ
t = Gt,

which assumes that only capital income is taxed, that the government cannot issue

debt, and that depreciation is not tax deductible. Initial capital K0 > 0 is given and

KT+1 = 0.

For this economy, we will show that tax rates do not depend on the state variable—

the Ψ function is constant. To establish benchmarks, consider first the extreme cases

T = 0 and T = ∞. If T = 0 it is easy to see that

τ =
γ

θ(1 + γ)
;

this follows from the condition ug = uc. On the other hand, if T = ∞, then the tax

is lower. To find what it is, we go through the following steps. First, suppose taxes in
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every period are τ . Then the savings function is

K ′ = βθ(1− τ)Kθ.

The value of being born into such an economy endowed with initial capital K is

v(K; τ) = A ln K + B(τ).

where

A =
θ(1 + γ)

1− βθ
.

Now suppose the current tax rate is τ and all subsequent tax rates are equal to τ ′.

Then the equilibrium savings function—H—is given by

K ′ = βθ
(1− τ ′)(1− θτ)

1− θτ ′
Kθ.

We are now in a position to state the current government’s maximization problem.

max
τ

{
ln C + γ ln G + β

θ(1 + γ)

1− βθ
ln K ′ + βB(τ ′)

}
.

Substituting in the values for C, G and K ′ and setting the derivative with respect to

τ equal to zero, it turns out that the optimal current tax rate τ is independent of the

future tax rate(s) τ ′. We obtain

τ =
γ(1− βθ)

θ(1 + γ)
.

So with Ψ(K) =
γ(1− βθ)

θ(1 + γ)
for all K and H(K, τ) = βθ θ(1+γ)−γ+γβθ

1+γβθ
(1 − θτ)Kθ for

all (K, τ), we satisfy our conditions for a time-consistent equilibrium. These functions

are smooth; it is straightforward to obtain their derivatives and show that the GEE is

satisfied.

Now consider the intermediate case 0 < T < ∞. In this case, the assumption

that tomorrow’s tax rate is the same as subsequent tax rates will not be appropriate.

However, it turns out that the slope of the value function does not depend on tax rates,
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only on the time left until T . This is because private consumption, public consumption

and savings in period t are all proportional to Kθ
t .

Thus we may write

vt(K) = At ln K + B(τ t, τ t+1, . . . , τT )

where At satisfies the difference equation





At+1 = (βθ)−1At − (1 + γ)

β

AT+1 = 0.

Meanwhile, savings, and hence also consumption, is proportional to 1 − θτ t. On the

other hand, public consumption is proportional to τ t itself. This means that the first-

order condition for the optimal current tax becomes

−θ

1− θτ t

+
γ

τ t

− βθAt+1

1− θτ t

= 0.

The solution is

τ t =
γ

θ(1 + γ) + βθAt+1

.

Now we solve the difference equation for At. We get

At =
θ(1 + γ)

1− βθ

[
1− (βθ)T−t+1

]

and hence

τ t =
γ

θ(1 + γ)
· 1− βθ

1− (βθ)T−t+1
.

It now seems clear that the time-consistent equilibrium tax rate we find above for the

infinite-horizon economy is the limit of finite-horizon equilibria. But wait a minute!

What if the expression for 1 − τ t is less than or equal to zero for any t? This occurs

whenever
γ

θ(1 + γ)
, the tax rate in the economy with only one period—the last-period,

or period-T , economy, is greater than or equal to 1, since the tax sequence is decreasing

in t. If the optimal tax rate in the last period is above 100%, then savings in the period

before that will be zero. This means that period T − 1 is like period T : it is as if there
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is no future, since KT will be set to zero. Again, taxes in that period will be set to be

confiscatory, and so on. The end result is that no matter how long the horizon is in

such an economy, the limit of finite-horizon equilibria is that the first period looks like

a static economy, and every period after that is utter misery with C = K = G = 0.

One lesson we learn from this example is that for some parameter values there are

two time-consistent (differentiable) equilibria for our infinite-horizon economy. One of

these is a collapsed economy, with H(K, τ) = 0 for all (K, τ) and Ψ(K) =
γ

θ(1 + γ)
> 1

for all K; it is the limit of finite-horizon equilibria. The other one, which we computed

above, is a more healthy economy with a constant tax rate
γ(1− βθ)

θ(1 + γ)
< 1 and economic

activity in every period (this economy converges to a steady state with positive capital

and consumption).4 This second equilibrium relies on “optimistic” expectations.

5.2 Infinite horizon, valued leisure, and a general income tax

The environment is as follows. A representative agent has preferences represented by

∞
t=0β

t[α ln Ct + (1− α) ln `t + γ ln Gt]

where `t is the fraction of time spent not working and Gt is the quantity of government-

provided goods. The fraction of time spent working is denoted by Ht = 1− `t.

The aggregate resource constraint is given by

Kt+1 + Ct + Gt = Kθ
t H

1−θ
t

which means that the depreciation rate is 100 percent. The government cannot issue

debt and taxes income at a proportional rate τ . Depreciation is not tax deductible. Its

budget constraint is

Gt = τ tK
θ
t H

1−θ
t .

Regardless of current and future tax rates and the current capital stock, labor supply

4Clearly, if β or θ are close enough to zero also this economy will be a collapsed one.
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is

H =
α

α + (1− α)(1− βθ)
.

We also have the following competitive equilibrium law of motion for capital.

K ′ = βθ(1− τ)KθH1−θ.

By the government budget constraint, we have of course

G = τKθH1−θ.

The value of being born in an economy with initial capital stock K and a constant

tax rate τ is given by

v(K) =
(α + γ)θ

1− βθ
ln K + B(τ)

where B(τ) is some function whose exact properties turn out not to be important from

our point of view. The current government’s maximization problem, which turns out

to be independent of future tax rates, can be written as

max
τ

{
α ln C(K, τ) + (1− α) ln(1−H) + γ ln G(K, τ)+

β
(α + γ)θ

1− βθ
ln K ′(K, τ) + βB(τ ′)

}
(20)

where the function C can be derived from the function K ′ in an obvious way.

The resulting tax outcome for this economy is

τ = Ψ(K) =
γ(1− βθ)

α + γ
.

This tax function is accompanied by a savings function that takes the form H(K, τ) =

βθ(1 − τ)Kθ

(
α

α + (1− α)(1− βθ)

)1−θ

and by a labor supply function of the form

L(K, τ) =
α

α + (1− α)(1− βθ)
. Again, it is straightforward to verify that these three

functions satisfy the GEE.
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An interesting property of this equilibrium is that it coincides with the Ramsey

allocation. That could be observed already above when it was noted that neither the

savings nor the labor supply decisions depend on future tax rates. This result, which

of course depends on our functional-form assumptions, also relies on the assumption

of a general income tax; with another tax base—a pure capital income tax or a pure

labor income tax—there are income effects of future taxation that influence current

decisions, and the Ramsey equilibrium is not time-consistent.

6 Optimal policy for actual economies

We proceed next to look at numerical solutions for a selected set of economies with some

aggregate statistics that resemble those of the United States postwar economy. For the

sake of comparison we also provide the optimal policy under the first best (lump-sum

taxation) allocation and those implied by a benevolent government that has access to

commitment but not to a technology to save resources, that is, the Ramsey equilibrium

given a period-by-period balanced budget constraint.5

We specify the per-period utility function of the CES class as

u(c, `, g) =

[
(1− αp) (αcc

ρ + (1− αc)`
ρ)Ψ/ρ + αpg

Ψ
] 1−σ

Ψ − 1

1− σ
. (21)

This function reduces to a separable function with constant expenditure shares when

σ → 1, ρ → 0, and Ψ → 0, yielding

u(c, `, g) = (1− αp)αc ln c + (1− αp)(1− αc) ln ` + αp ln g (22)

Meanwhile, the production function is a standard Cobb-Douglas function with capital

share θ: f(K,L) = A ·KθL1−θ.

Our parameterization of the baseline economy is also standard. We calibrate the

5Stockman (1998) for a Ramsey government and Klein and Rı́os-Rull (1999) for a government
without access to a commitment technology perform a quantitative analysis of optimal taxation (labor
and capital income taxes) for exogenous public expenditures under a period by period balanced budget
constraint.
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baseline model economy, which is the one with only labor taxes, to have some statistics

within the range of U.S. data in the lack-of-commitment economy. So we set the share

of GDP that is spent by the government to be slightly under 20%, the capital share

to 36%, the investment-to-output ratio to a little over 20%, hours worked to about

one fourth of total time, and the capital-to-output ratio to about 3. These choices are

common in the macroeconomic literature.

We choose the baseline economy to have logarithmic utility which makes preference

separable (making cross derivatives zero).6 We report the values of the parameters

that implement our choices in Table 1.

Parameter Values

θ = 0.36 αc = 0.30 αp = 0.13

β = 0.96 δ = 0.08 ρ = 0

Ψ = 0 σ = 1.0

Table 1: Parameterization of the Baseline Model Economy

6.1 Labor income taxes

We now look at the steady states of the baseline economy under three different benevo-

lent governments that we label Pareto, Ramsey, and Markov. These labels, respectively,

refer to: a government with commitment and access to lump-sum taxation (Pareto); a

government restricted by a period-by-period balanced-budget constraint and to the use

of labor income taxation, both one with access to a commitment technology (Ramsey)

and one which does not have access to such commitment technology (Markov, because

we look at the Markov equilibrium). Table 2 reports the steady-state allocations of

these three economies.

6When, in addition, the depreciation rate is 100%, this economy allows a closed-form solution
to all equations, including the GEE. The key functional-form insight here is that all the first-order
conditions become log-linear.
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Labor taxes, Endogenous g

Steady State Type of Government

Statistic Pareto Ramsey Markov

Y 1.000 0.700 0.719

K/Y 2.959 2.959 2.959

C/Y 0.509 0.509 0.573

G/Y 0.254 0.254 0.190

C/G 2.005 2.005 3.017

L 0.350 0.245 0.252

τ – 0.397 0.297

Table 2: Baseline Model Economy

The absence of capital income taxes in all economies ensures that the steady-state

interest rate is equated to the rate of time preference, yielding an equal capital-to-

output ratio in all economies. Comparing the Pareto and the Ramsey economy, we get

a glimpse of the role of distortionary labor taxation. The Pareto economy delivers the

optimal allocation while the Ramsey economy has a distortionary tax that discriminates

against produced goods and in favor of leisure. As a result, leisure is significantly higher

in the Ramsey economy than in the Pareto economy, and because of this and the equal

rate of return, the steady-state stock of capital and output are much lower in the

Ramsey economy. However, the ratio between private and public consumption is the

same in both economies given that this margin is undistorted. This latter feature

is a special implication of the functional form that we have chosen and it relies on

preferences being separable in all three goods and on being of the CRRA class with

respect to consumption.7

When we look at the behavior of the Markov economy, we see two things: first,

qualitatively, the distortion introduced by the tax on labor is also present in this

economy, inducing more leisure and less consumption (both private and public) than

7This is a simple implication of the first-order conditions of the Ramsey problem when written in
the primal form.
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in the Pareto economy; and second, the ratio between private and public consumption

is not the same as in the other economies (where it was equal to the relative share

parameter in preferences). Recall that from equation (19) the optimal policy of the

Markov case amounted to striking a balance between achieving the first best in terms of

equating the marginal utility of the private and public good and the distortion that the

labor tax induces on the leisure–private consumption margin. This balance does not

imply setting the margin between the public and the private good to zero. Indeed, the

term ug − uc is positive in the Markov case, making the second term of equation (19)

positive and the first negative. The difference with the Ramsey case can perhaps be

best described by the fact that the Ramsey policy maker takes into account the fact

that a tax hike at t not only lowers labor supply at t but raises it at t− 1. In contrast,

a Markov policy-maker treats the latter as a bygone.

6.2 Capital income taxation

Table 3 shows the steady state when the only available tax is the capital income tax.

Capital Income taxes, Endogenous g

Steady State Type of Government

Statistic Pareto Ramsey Markov

Y 1.000 0.588 0.488

K/Y 2.959 1.734 1.193

C/Y 0.509 0.712 0.690

G/Y 0.254 0.149 0.215

C/G 2.005 4.779 3.211

L 0.350 0.278 0.255

τ – 0.673 0.812

Table 3: Baseline Model Economy; Separable utility in logs.

This tax is in general very distortionary. The Ramsey government understands this
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and, therefore, reduces future taxes so as to mitigate the distortionary effect. However,

since no other tax base is available here, the result is that the ratio of private to

public consumption is much lower than in the unconditional first best. The Markov

government, however, does not see the current tax as distortionary at all, as capital

is already installed when the government chooses the tax rate: capital is inelastically

supplied.

The Markov government, however, understands that the government that follows

one period later will distort the allocation significantly, and is therefore willing to

attempt to transfer resources into the future to increase future consumption. For this

reason, it does not tax capital so as to set the private-to-public consumption ratio at

the first-best level. The ability of the Markov government to influnce the future choices

is of course smaller than that of the Ramsey government, and as a result its capital

tax rate is higher and capital and output are lower.

Another feature of this case that we find interesting is that leisure is the lowest in

the Pareto case, even when there is no tax on leisure. Our understanding of the reasons

for this goes as follows. With the preferences of this model economy, in any market

implementation, the household’s choice of leisure can be decomposed into two parts.

One part is what it would choose if all income were labor income—it equals (1 − αc)

exactly, independently of the wage (that in this case is 0.7). The other part comes from

the amount of additional income that the household has, so that leisure is increasing

in that additional income. In the Pareto economy, the lump-sum tax levied is larger

than the amount of capital income, inducing the household to enjoy less leisure than

0.7, while in all the other economies, the after-tax capital income is always positive,

which accounts for why workers enjoy leisure of more than 0.7 in those economies.

6.3 Taxes on total income

With respect to the case of a tax on total income, a couple of points are worth stressing.

First, the Ramsey government can set the ratio of private to public consumption to

its unconditionally optimal level. Due partly to the special nature of the preferences

used in this model economy, the distortions that affect the intertemporal margin and
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Total Income Taxes, Endogenous g

Steady State Type of Government

Statistic Pareto Ramsey Markov

Y 1.000 0.669 0.693

K/Y 2.959 2.527 2.649

C/Y 0.509 0.532 0.587

G/Y 0.254 0.265 0.201

C/G 2.005 2.005 2.928

L 0.350 0.256 0.258

τ – 0.334 0.255

Table 4: Baseline Model Economy; Separable utility in logs.

the consumption leisure margin do not affect the private-to-public-consumption margin.

From the point of view of the Markov government, however, this is not the case.

An uncommitted policy maker does not take into account that today’s taxes increase

yesterday’s incentives to work, and in addition it wishes to increase savings by taxing

less today, and these effects induce a smaller government sector. This result is perhaps

surprising because one might have guessed that a Markov government, which views its

taxes as less distortionary than does the Ramsey government, would tax more.

In addition to the comparisons that we have performed between the three taxing

technologies that the government may have access to (and that yield the Pareto, Ram-

sey, and Markov cases), for each of the tax tools, we should also compare the allocations

for the Markov case across tax instruments.

¿From the point of view of the Markov government, taxing capital is not distor-

tionary since it is already installed and hence is like a lump-sum tax. On the other

hand, the tax base is quite small, as capital income is much smaller than labor in-

come.8 On the other hand, labor taxes are distortionary but its base is larger. Finally,

8Note that because the tax base excludes depreciation, the tax base of a capital income tax is not
a constant fraction of GDP.
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total income taxes have the highest tax base and they are as distortionary as the labor

income tax rate for the same tax rate, or less distortionary for the same revenue.

With respect to tax outcomes, first, as should have been expected, the larger the role

of capital income taxes (which implies an ordering with capital income first, followed

by total income and last labor income), the lower the stock of capital, and hence the

lower will output be. The differences are large. Second, hours worked are actually

varying very little across environments. Third, perhaps the most surprising feature

that we obtain is that the ratio of private consumption to public consumption is the

highest in the capital-tax economy. This is very surprising, since we should expect

that the government, since it considers taxes to be non-distortionary, would allocate

current resources optimally across these goods, thus equating the marginal utility of

public and private consumption (which is what the Pareto government does). The

reason why this does not occur is that the government in the capital-income economy

understands that the next government will tax capital heavily (more heavily, indeed,

than what this government would like), and in an effort to move resources into the

future it thus sacrifices current public consumption. Note also that this effect is non-

linear in that the private-to-public consumption ratio closest to the first best is that of

the total income-tax economy.

7 Conclusion

In this paper we have characterized the set of functional equations that are required

for characterizing Markov equilibria in an environment where a benevolent government

that does not have access to commitment sets tax rates to finance a public good. We

have shown how the problem of the government has a sequential structure that can be

written as if it had access to commitment by posing the behavior of the private sector—

and future governments—in a specific way. This leads to a natural characterization of

government behavior in terms of the first-order conditions of such a problem that we

have called the GEE.

We have discussed some issues pertaining to the computation of such equilibria and

we have found the solutions to a variety of parameterized model economies. We have
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compared those solutions to those that result from governments that have access to

lump-sum taxation or to commitment and we have found that the implied taxes and

allocations are very different depending on the environment in which the government

lives. We leave for future research the characterization for an environment where there

are explicit intertemporal links in the behavior of the government, i.e., debt.

We believe that the methods that we have developed for solving for our Markov

equilibrium are quite general and can be applied to a larger set of environments than

that of optimal fiscal policy studied here. Such environments may include optimal mon-

etary policy, dynamic political economy, dynamic industrial organization issues (e.g.,

the durable goods monopoly, dynamic oligopoly), models with impure intergenerational

altruism, and so on.
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Appendix

A Definition of the recursive competitive equilibrium

Here we present a formal definition of equilibrium given a policy.

Definition 1 A recursive competitive equilibrium given a government policy τ =
Ψ(K), is a pair of functions for aggregate labor and aggregate next period capital
stock, L = L(K, τ) and K ′ = H(K, τ), a value function for the representative house-
hold Ω(k, K, τ), decision rules for labor and for savings for the representative household
l = `(k,K, τ) and k′ = h(k, K, τ), functions for factor prices w(K, τ) and r(K, τ) and
a function for public consumption G(K, τ) such that

1. Ω, h and ` solve the agents problem: for all (k, K, τ),

Ω(k, K, τ) = maxc,l,k′ u(c, l, g) + β Ω(k′, K ′, τ ′) (23)

{`(k, K, τ), h(k,K, τ)} ∈ argmaxc,l,k′ u(c, l, g) + β Ω(k′, K ′, τ ′) (24)

subject to

c + k′ = k + [w(K, τ) l + r(K, τ) k] (1− τ) (25)

g = G(K, τ) (26)

K ′ = H(K, τ) (27)

τ ′ = Ψ(K); (28)

2. the agent is representative: for all (K, τ),

`(K, K, τ) = L(K, τ) (29)

h(K, K, τ) = H(K, τ); (30)

3. factor prices are marginal productivities: for all (K, τ),

r(K, τ) = fK [K,L(K, τ)]− δ (31)

w(K, τ) = fL[K,L(K, τ)]; (32)

4. and the government satisfies its budget constraint: for all (K, τ),

G(K, τ) = τ {f [K,L(K, τ)]− δK}. (33)
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B Computation

The numerical computation of a time-consistent equilibrium involves a method for
finding the equilibrium decision rule functions. Here we propose a procedure for finding
these functions, and we specialize the discussion to our baseline model. That is, we
need to find a savings function, H(K, τ) and a tax function Ψ(K). However, it is
advantageous to use our alternative equilibrium definition here and instead look for
savings as h(K) (and taxes as ψ(K) ≡ Ψ(K)), because a function of one variable is a
smaller object to find.

Conceptually, we have a system of two functional equations in h and ψ: the first-
order conditions of the private sector and of the government. The former reads

η(K, ψ(K), h(K)) = 0 (34)

and the latter, with all its arguments explicit now,

ηK′(K, τ, K ′)
{

uc[C(K, τ,K ′),G(K, τ,K ′)]Cτ (K, τ, K ′)+

ug[C(K, τ,K ′),G(K, τ,K ′)]Gτ (K, τ, K ′)
}

−ητ (K, τ, K ′)
{

uc[C(K, τ,K ′),G(K, τ,K ′)]CK′(K, τ, K ′)

+uc[C(K ′, τ ′, K ′′),G(K ′, τ ′, K ′′)]CK′(K ′, τ ′, K ′′)

+ug[C(K ′, τ ′, K ′′),G(K ′, τ ′, K ′′)]G ′K′(K ′, τ ′, K ′′)

−
(

uc[C(K ′, τ ′, K ′′),G(K ′, τ ′, K ′′)]Cτ ′(K
′, τ ′, K ′′)

+ug[C(K ′, τ ′, K ′′),G(K ′, τ ′, K ′′)]Gτ ′(K
′, τ ′, K ′′)

)
ηK(K′,τ ′,K′′)
ητ (K′,τ ′,K′′)

}
= 0,

(35)

where K ′ ≡ h(K), τ ≡ ψ(K), K ′′ ≡ h(h(K)), and τ ′ ≡ ψ(h(K)).

One procedure for solving these two functional equations for the two unknown
functions is to specify parametric functional forms for h and ψ and pin down the
parameters by imposing that the two equations hold on a set of grid point. This
amounts to a set of “moment conditions” and boil down to choosing the parameters to
minimize a measure of the errors in the equations. We did not follow this procedure,
mainly because our main focus is on steady states and because the procedure we do
follow delivers, beside information about the steady state levels of K and τ , information
about local dynamics as well. Most importantly, however, our procedure for finding
a steady state is simple and involves only a very small amount of nonlinear-equation
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solving (or minimization). It builds on in Krusell, Kuruşçu, and A. (2000), who use a
version of a “perturbation” method (for a discussion of the perturbation method, see
Judd (1998)).

We use ∗s to denote steady-state values. In steady state we obtain

η(K∗, ψ(K∗), K∗) = 0 (36)

and

u∗c C∗τ + u∗gG∗τ −
η∗τ h∗(1)

η∗K + η∗τ ψ∗(1)

[
u∗c C∗k′ + u∗cC∗K + u∗gG∗K −

(
u∗cC∗τ + u∗gG∗τ

) η∗K
η∗τ

]
= 0, (37)

where a superindex (i) on a function refers to its ith derivative and we have used
ηK + ητψ

(1) + ηK′h(1) = 0 (which follows from (34) and h and ψ being differentiable).

Unfortunately, equations (36) and (37) cannot be solved directly for the steady-
state levels because in addition to K∗ = h(K∗) and to τ ∗ = ψ(K∗) the terms h(1)(K∗)
and a ψ(1)(K∗) appear yielding a system with two equations and four unknowns. To
get around this problem we rewrite the steady state versions of the EE and the GEE
compactly as

0 = EE(0)
(
h(0), ψ(0)

)
(38)

0 = GEE(0)
(
h(0), ψ(0), h(1), ψ(1)

)
. (39)

Note that the way we have written these equations allows us to take derivatives n times
(under the assumption that the h and ψ functions are sufficiently differentiable) in a
simple way which yields

0 = EE(n)
(
h(0), ψ(0), · · · , h(n), ψ(n)

)
(40)

0 = GEE(n)
(
h(0), ψ(0), h(1), ψ(1), · · · , h(n+1), ψ(n+1)

)
. (41)

We next propose an iterative procedure to obtain an approximate solution to this
problem based on successively assuming that higher-order derivatives are zero. This
procedure turns out to be quite easy to implement since it never involves more than
the computation of derivatives and solving a nonlinear system of two equations and
two unknowns.
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To explain how our procedure works, consider the system

0 = EE(0)
(
h(0), ψ(0)

)
(42)

0 = GEE(0)
(
h(0), ψ(0), h(1), ψ(1)

)
(43)

0 = EE(1)
(
h(0), ψ(0), h(1), ψ(1)

)
(44)

0 = GEE(1)
(
h(0), ψ(0), h(1), ψ(1), h(2), ψ(2),

)
(45)

· · ·
0 = EE(n)

(
h(0), ψ(0), h(1), ψ(1), · · · , h(n), ψ(n)

)
(46)

0 = GEE(n)
(
h(0), ψ(0), h(1), ψ(1), · · · , h(n), ψ(n), 0, 0

)
(47)

where the solutions (if they exist) are denoted {h(i)
n , ψ(i)

n }i=0,··· ,n.

This problem has a recursive structure. For any h(0) equation (42) determines ψ(0).
Next, equations (43) and (44) determine {h(1), ψ(1)}. The next two equations determine
{h(2), ψ(2)}, and so on. Finally the last equation may or may not be satisfied. So
implicitly the set of equations (42)–(47) can be seen as one equation (equation (47)) in
one unknown: h(0). To arrive at and evaluate the final equation, we thus have to solve
one single equation (equation (42)), which has a closed-form solution for ψ(0), and n
systems of two equations and two unknowns; the first of these n systems amounts to
a quadratic equation, and the remaining n− 1 systems are all linear, given the values
already solved for. Therefore, since all these steps can be accomplished in closed
form, the only nonlinear routine necessary is one which handles one equation and one
unknown, independently of n! Notice also that the need to take successively higher
derivatives is not practical to do by hand, but it can be automatized with symbolic
software, such as MAPLE, and integrated with the main program.

Note now that the solutions {h(0)
n , ψ(0)

n } define a sequence of solutions for the steady
state. Each of these is based on the assumption that the n + 1-order (and higher)
derivatives of functions h and ψ are 0. If this sequence converges, its limit is a steady
state. Our numerical calculations of the first few elements of this sequence show that
after 3 or 4 iterations, the values of {h(0)

n , ψ(0)
n }, are very close to each other. We have

also verified that our algorithm reproduces the closed-form solutions for our parametric
examples in Section 6.
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